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Abstract: We explore some aspects of 4D supergravity theories and F-theory vacua that
are parallel to structures in the space of 6D theories. The spectrum and topological terms
in 4D supergravity theories correspond to topological data of F-theory geometry, just as
in six dimensions. In particular, topological axion-curvature squared couplings appear in
4D theories; these couplings are characterized by vectors in the dual to the lattice of axion
shift symmetries associated with string charges. These terms are analogous to the Green-
Schwarz terms of 6D supergravity theories, though in 4D the terms are not generally linked
with anomalies. We outline the correspondence between F-theory topology and data of the
corresponding 4D supergravity theories. The correspondence of geometry with structure in
the low-energy action illuminates topological aspects of heterotic-F-theory duality in 4D as
well as in 6D. The existence of an F-theory realization also places geometrical constraints
on the 4D supergravity theory in the large-volume limit.
Contents
1. Introduction 2
2. Six-dimensional supergravity theories and F-theory vacua 5
2.1 F-theory vacua and 6D spectra 5
2.2 F-theory geometry and terms in the 6D supergravity action 8
2.2.1 Couplings in the 6D supergravity action 8
2.2.2 Topological couplings in the Green-Schwarz term 10
2.2.3 Kinetic terms 12
2.3 Examples of 6D F-theory models 13
2.3.1 T = 0 13
2.3.2 T = 1 13
2.4 Six-dimensional heterotic models 14
2.4.1 Heterotic in 10D 14
2.4.2 Green-Schwarz terms and duality to F-theory 15
3. Four-dimensional supergravity theories and F-theory vacua 17
3.1 F-theory vacua and 4D spectra 18
3.1.1 Scalar spectrum and couplings 18
3.1.2 Vector spectrum and gauge kinetic functions 20
3.1.3 Fluxes, D3-brane tadpole and chiral spectrum 21
3.2 Couplings in the 4D supergravity action from F-theory 23
3.2.1 Topological couplings in the F-theory effective action 24
3.2.2 An additional axion 25
3.2.3 Remarks on the triple intersection numbers and identification of F-
theory geometry 26
3.3 4D F-theory examples with P1 fibered base 28
3.3.1 On the geometry of general P1 fibrations 28
3.3.2 Examples: P1 fibrations over P2 29
3.4 Four-dimensional heterotic models and heterotic/F-theory duality 30
3.4.1 General heterotic models with F-theory duals 31
– 1 –
3.4.2 Heterotic/F-theory duality: examples 34
4. Geometrical constraints in 6D and 4D 35
4.1 Geometrical constraints on 6D effective supergravity theories 36
4.1.1 Constraints on theories without gauge groups 36
4.1.2 Constraints on theories without charged matter 39
4.1.3 Sign constraints and the Kodaira condition 40
4.1.4 Lattice structure for dyonic string charges 41
4.2 Geometrical constraints from F-theory on 4D supergravity theories 42
4.2.1 Constraints on theories without gauge groups 42
4.2.2 Constraints on 4D theories without charged matter 48
4.2.3 Sign conditions and Kodaira condition 49
4.2.4 Lattice structure for string states 50
5. Conclusions 52
A. Blowing up curves and points in a smooth threefold base 55
B. Anomalies in 6D supergravity 56
1. Introduction
F-theory [1, 2, 3] provides a very general approach to constructing string vacua in even-
dimensional space-times. In particular, F-theory gives a nonperturbative description of a
wide range of string compactifications. F-theory describes structures such as gauge groups,
matter fields, and Yukawa couplings in a simple geometric framework that is amenable to
the use of powerful mathematical tools from algebraic geometry. F-theory as it is currently
understood is incomplete as a physical theory. In its elemental geometric formulation there
is no action principle or complete characterization of the fundamental degrees of freedom.
The clearest definition of F-theory is as a limit of M-theory. M-theory itself, however, is also
not a completely well defined theory, and some of the mathematical simplicity of F-theory
is less apparent in the M-theory framework. Nonetheless, even with its current limitations,
F-theory has proven to be a powerful tool for exploring both the large-scale structure of
the landscape of string vacua and detailed aspects of semi-realistic phenomenology.
In eight and six dimensions, the set of F-theory compactifications includes vacua with
spectra matching those of most or all supergravity theories that can be realized using other
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known string theory constructions (for a review of 8D and 6D supergravity/F-theory models
and many further references, see [4]). Given a six-dimensional supergravity theory, the
spectrum and action of the theory provide data that can be used to identify the geometry of
a corresponding F-theory construction, when one exists [5, 6, 7, 8]. The F-theory geometry
in turn imposes certain constraints on the spectrum and action of the low-energy theory
[9, 7, 10, 11]. Some, but not all, of these constraints are understood from macroscopic/low-
energy consistency conditions such as anomaly cancellation. The set of 6D F-theory vacua
forms a complicated moduli space with many components associated with different F-theory
“base” geometries connected through extremal tensionless string transitions [12, 3]. Recent
work has begun to systematically classify the set of 6D F-theory compactifications, using
connections between the F-theory geometry and corresponding structure in the low-energy
supergravity theory [13, 7, 14, 15, 16, 17, 18].
In four dimensions F-theory gives rise to an even broader and richer class of vacua
than in higher dimensions. Recent efforts have focused on compactifications relevant for
semi-realistic GUT phenomenology [19, 20] including constructions of compact fourfolds for
global models [21, 22, 23, 24]. In four dimensions, however, with only one supersymmetry,
the space of string solutions is complicated by various perturbative and nonperturbative
effects such as fluxes that remove massless moduli and produce a “landscape” containing
isolated distinct vacua connected through regions of off-shell string physics (for reviews
of flux compactifications and related developments see e.g. [25, 26, 27]). In this context,
the limitations of F-theory in its current form become more apparent, and using this
nonperturbative approach to study the global space of solutions becomes more challenging.
Recent work has focused on incorporating more directly into F-theory degrees of freedom
such as fluxes on the world-volume of 7-branes [28, 30, 31, 32, 33, 34, 35], and the related
transverse scalar fields on multiple branes that can carry noncommuting structures such as
“T-branes” [36]. While these features are present in the M-theory description of F-theory,
the 4D physics described by F-theory is only reached in a singular limit that is as yet not
fully understood. In four dimensions, there also appear to be many types of string solutions
that are not easily described in the F-theory framework, such as G2 compactifications of
M-theory [37, 38, 39], heterotic compactifications on Calabi-Yau manifolds that (unlike
K3) have no elliptic fibration in their moduli space, and other more exotic possibilities
that may include a vast range of asymmetric orbifolds [40] and/or non-geometric flux
vacua [41, 42, 43, 44, 45, 46] (that may also have asymmetric orbifold descriptions [47]).
Despite these limitations, it can be argued that at this stage F-theory provides the broadest
perspective on the range of possible phenomena that may emerge from string theory in
4D supergravity theories. In this work we address some global questions regarding the
structure of F-theory vacua within the existing framework. For many practical questions
we use the definition of F-theory as a limit of M-theory as recently studied in the 4D
context in [27, 48].
In six dimensions, the key to reconstructing the geometry of an F-theory compacti-
fication from the data of the supergravity theory lies in the Green-Schwarz terms of the
form BR2 and BF 2, and in the related lattice of dyonic string charges. While the original
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understanding of the Green-Schwarz terms arose through the anomaly cancellation mecha-
nism, it seems that there may be deeper reasons underlying the existence and structure of
these terms. In four dimensions similar topological couplings arise between axions ρ and
gauge and gravitational curvature-squared terms, of the form
(a · ρ)R ∧R+
∑
A
(bA · ρ)F
A ∧ FA . (1.1)
While in some cases these terms are connected with a generalized Green-Schwarz mech-
anism for cancellation of gauge and mixed abelian-gravitational anomalies [49, 50], these
terms are not uniquely determined by this condition; for example, the ρR ∧ R terms ap-
pear even in theories without massless gauge fields. A detailed discussion of the generalized
Green-Schwarz mechanism in related weakly coupled Type IIB scenarios can be found in
[51]. Terms of the form (1.1), and the associated integral lattice of axionic string/instanton
charges (containing a and bA in (1.1)), relate 4D supergravity theories to F-theory geom-
etry in a parallel fashion to the six-dimensional story. In particular, a contains geometric
information about the F-theory compactification manifold (the canonical class of the three-
fold base), while bA captures information about the geometric structure giving rise to the
simple factors in the gauge group (the locations of the 7-branes supporting the gauge group
factors). As in six dimensions, this information, along with other structure in the 4D su-
pergravity theory, can be used in a “bottom-up” fashion to identify the F-theory geometry
needed for a UV completion of the theory. We describe in this paper how the terms (1.1)
arise from F-theory, and match with dual heterotic constructions. This connection gives a
simple perspective on the topological structure of heterotic-F-theory duality that is valid
for SO(32) as well as E8 × E8 heterotic vacua with F-theory duals. More generally, these
couplings and the structure of the related string charge lattice may provide a useful tool for
addressing global questions about the space of string vacua and related duality symmetries
in 4D just as they have done in 6D.
Some previous progress towards relating the degrees of freedom and action of 4D
N = 1 supergravity theories to the data used in an F-theory construction via M-theory was
presented in [48, 52, 53, 54]. In four dimensions, the structure of F-theory compactifications
is complicated by the necessary presence of fluxes that produce a superpotential or D-terms
that lift some moduli of the theory. In this paper, we assume that the theory is in a regime
where these moduli are light, corresponding to a large-volume F-theory compactification.
In this regime, F-theory geometry places certain constraints on the spectrum and action of
the associated 4D supergravity theory. An important direction for further extension of the
work in this paper is to develop an understanding the role of the structure and constraints
presented here away from the large-volume F-theory limit.
Six-dimensional supergravity theories and F-theory vacua are described in Section 2.
The spectrum and relevant terms in the action of 4D theories are described in Section 3.
This section also contains an analysis of axion–curvature squared couplings in heterotic
theories, and uses these terms to determine topological aspects of the general heterotic/F-
theory duality correspondence for 4D theories. Section 4 contains a brief description of some
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structures and constraints on 4D theories associated with large-volume F-theory compact-
ifications that are close analogues of similar structures and constraints in six dimensions.
Section 5 contains concluding remarks.
2. Six-dimensional supergravity theories and F-theory vacua
In this section we summarize some key features of 6D supergravity theories and F-theory
vacua. We outline the correspondence between data in the supergravity theory and geo-
metric structures in F-theory. Most of this material is known and is described in earlier
papers, but here we consolidate together a variety of results on 6D theories into a coherent
picture for comparison with the 4D story. We also add a few new observations on some
aspects of 6D theories that help to clarify both the 6D and 4D stories. The material in
this section is also used in Section 4 to characterize constraints on consistent 6D F-theory
vacua in terms of data in the supergravity theory.
2.1 F-theory vacua and 6D spectra
A review of 6D supergravity theories and associated F-theory constructions appears in [4];
another review of 6D string vacuum constructions from a variety of approaches including
F-theory is given in [55]. We summarize the basics here, beginning with supergravity and
then describing F-theory models.
We begin with some generalities on 6D supergravity theories with N = (1, 0) super-
symmetry, corresponding to eight supercharges. The spectrum of such a theory contains:
• One gravity multiplet,
• T tensor multiplets,
• V vector multiplets in a general (nonabelian × abelian) gauge group,
• H hypermultiplets spanning a quaternionic Ka¨hler manifold.
Each hypermultiplet contains four real scalars as bosonic components. Note that the
bosonic components of the gravity multiplet contain, in addition to the metric, a two-form
field with self-dual field strength. The tensor multiplets each contain an anti-self-dual two-
form field as well as a real scalar. The field content, couplings, and equations of motion of
6D supergravity theories were studied in [56, 57, 58, 59, 60]. Dyonic strings in the theory
carry charges under the self-dual and anti-self-dual two-form fields in the gravity and
tensor multiplets. These strings should appear in any quantized theory of 6D supergravity
as quantum excitations charged under the two-form fields, independent of whether the UV
completion of the gravity theory involves a conventional formulation of string theory. The
charges of the quantized dyonic strings lie in a lattice Γ that must be unimodular [10].
In six dimensions, anomaly cancellation [57, 59, 61] provides a powerful set of con-
straints on the set of possible theories, as well as a useful tool for analyzing supergravity
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theories. For example, the numbers of multiplets H,V, T introduced above are not inde-
pendent, but rather linked through the gravitational anomaly relation
H − V = 273 − 29T . (2.1)
We briefly review the complete set of 6D anomaly cancellation conditions in Appendix B.
We now turn to F-theory constructions of 6D N = (1, 0) supergravity theories. Such
models arise from compactification of F-theory on an elliptically fibered Calabi-Yau three-
fold X over a complex surface base B. A detailed description of 6D compactifications
of F-theory is given in [2, 3]; we briefly review the structure of these vacua, emphasizing
the correspondence between the topology of B,X and the field content of the low-energy
theory.
In the type IIB picture, an F-theory construction is given by a set of 7-branes wrapped
on the space B. The nonabelian part of the gauge group arises from coincident 7-branes
on B, which give singularities in the elliptic fibration X associated with codimension one
loci (divisors) on the base. The nonabelian gauge group factor on such a divisor can be
determined from the Kodaira/Tate classification of the local codimension one singularity
[2, 3, 62, 63, 11]. The elliptically fibered threefold X is given in the Weierstrass description
by
y2 = x3 + fx+ g, (2.2)
where f, g are sections of −4K,−6K, with K being the canonical bundle of the base B.
In the type IIB picture, the 7-branes are wrapped on the two-cycles in the base where
the elliptic fibration degenerates. This degeneration locus is given by the vanishing of the
discriminant ∆ = 4f3 + 27g2. The Kodaira condition that the total space of the elliptic
fibration be Calabi-Yau states that
−12 [K] = [∆] =
∑
A
νA[SA] + [Y ] (2.3)
where [K] = −c1(B) is the canonical class of the base, [∆] is the total class of the singularity
locus, [SA] are the classes of the irreducible effective divisors carrying simple gauge group
factors GA, and Y is the residual discriminant locus, which does not give rise to nonabelian
gauge symmetries. The divisors SA carrying nonabelian gauge group factors are associated
with singularities in the fibration characterized by integer multiplicities νA depending on
the group GA. (e.g., ν = N for SU(N), ν = 10 for E8, etc.) We use Poincare´ duality to
move freely between divisor classes in H2(B) and elements of H
1,1(B). Two viewpoints on
such compactifications will be useful. Either we can consider the base B supplemented by
additional data for the 7-branes or we can study the complete singular threefold X.
We can now describe how the 6D spectrum is related to the F-theory geometry. The
number of tensor multiplets is related to the topology of the F-theory base through
T = h1,1(B)− 1 . (2.4)
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There is a unimodular lattice Γ = H2(B,Z) of dyonic string charges of signature (1, T )
associated with type IIB D3-branes wrapped on the 2-cycles of B. These strings are charged
under the self-dual and anti-self-dual two-form fields in the theory.
The number of vector fields depends not only on the topology of the F-theory base
but also on the singularity structure of the fibration encoded in ∆. These singularities will
generically render the total space X of the elliptic fibration singular. One can, however,
canonically blow up the singularities at each codimension, producing a smooth Calabi-Yau
space Xˆ. The rank of the gauge group of the 6D theory is then given in terms of the
topologies of Xˆ and B by
r = h1,1(Xˆ)− h1,1(B)− 1 . (2.5)
This rank can include a number of abelian vector fields in addition to the nonabelian gauge
fields. Abelian vector fields are associated with extra sections of the fibration that increase
the rank of the Mordell-Weil group [3]; the treatment of such abelian factors is rather
subtle.
Finally, the number of uncharged scalar fields is
Hneutral = h
2,1(Xˆ) + 1 . (2.6)
These fields come from the complex structure moduli on X, with one modulus for the
overall Ka¨hler class of the base B; equivalently, these fields correspond to physical moduli
in the Weierstrass description (2.2) of the F-theory model1. (More precisely, the fields
Hneutral are quaternionic, with four real degrees of freedom in each field; half of the degrees
of freedom in each neutral field other than the overall Ka¨hler modulus come from complex
structure/Weierstrass moduli, the other half come from degrees of freedom on the 7-branes
and the bulk form fields.) In general, charged matter fields arise from codimension 2 sin-
gularities in the elliptic fibration [62, 64, 5, 15, 11], with some matter fields such as adjoint
representations arising nonlocally on divisors SA of higher genus [65, 66]. Throughout this
work we will primarily focus on 6D theories without matter fields for simplicity; in many
theories there is a phase in which all matter fields are Higgsed and there is no massless
charged matter [17].
Note that the identifications (2.5), (2.4) and (2.6) allow us to give a simple expression
for the Euler character of the resolved threefold for theories without charged matter
χ(Xˆ) = 2(h1,1(X)− h2,1(X)) = 2(r + T −Hneutral + 3) (2.7)
This equation provides the simplest link between the topology of Xˆ and the 6D spectrum.
As we discuss later, χ(Xˆ) can also be related to the constant coefficients determining the
6D Green-Schwarz terms. This connection between the topology of the F-theory com-
pactification space and the structure of the supergravity spectrum and action provides a
constraint on 6D supergravity theories that, as we discuss further in Section 4, matches
with 6D anomaly cancellation conditions.
1A detailed counting of physical vs. non-physical degrees of freedom in the Weierstrass coefficients of 6D
F-theory models appears in [18].
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2.2 F-theory geometry and terms in the 6D supergravity action
In the previous section we described the correspondence between topology of the F-theory
compactification space and the spectrum of the 6D theory. We now consider the con-
nection between further geometric structures of the F-theory compactification and terms
in the supergravity action. In particular, some terms in the supergravity action carry
discrete geometric information about the F-theory picture. Through understanding this
correspondence we can construct a map from data in the supergravity spectrum and action
to data of the F-theory geometry, allowing us to identify which specific F-theory vacuum
should correspond to any given supergravity theory. As we describe in Section 2.4, this
gives a simple way of describing dualities such as heterotic/F-theory duality at the level of
topology. Using the correspondence in the opposite direction, we can interpret constraints
associated with F-theory geometry as necessary conditions for a supergravity theory to
admit an F-theory realization, as we discuss in Section 4.
2.2.1 Couplings in the 6D supergravity action
As discussed above, from the spectrum of a given 6D theory one can already infer some
core topological data of the base B and total space X of the F-theory elliptic fibration
using (2.4), (2.5), and (2.6). More precise data from the supergravity theory is required to
construct information about specific divisor classes on the base B, such as the canonical
class K of B, and the divisor classes SA carrying the nonabelian gauge group factors. This
information is carried in the structure of the Green-Schwarz terms of the 6D supergravity
action, which take the schematic form
(K · B) ∧R ∧R, (SA · B) ∧ F
A ∧ FA (2.8)
(where B is the vector of two-forms). We now describe these terms in further detail. The
analogous structure in four dimensions is one of the main focal points of this paper.
The study of the action for 6D effective supergravity theories is complicated by the
fact that one has to deal with self-dual and anti-self-dual two-forms Bα2 . This problem can
be overcome, however, by working with a pseudoaction, where the duality constraints are
imposed by hand after determining the equations of motion [56, 60], as done for F-theory
in [8]. We focus here on the terms that are needed to identify the internal geometry. We
take the Einstein-Hilbert term to have the canonical normalization SEH = −
∫
1
2Rs ∗ 1.
The terms in the action in which we are particularly interested are the quadratic terms in
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the space-time, nonabelian, and two-form curvatures 2
S(6) = −
∫
1
2
(
jαΩαβa
β
)
trR ∧ ∗R+
2
λA
(
jαΩαβb
β
A
)
trFA ∧ ∗FA (2.9)
+
1
4
(
BαΩαβa
β
)
∧ trR ∧R+
1
λA
(
BαΩαβb
β
A
)
∧ trFA ∧ FA
+
1
4
GαβH
α
3 ∧ ∗H
β
3 +
1
2
Gαβdj
α ∧ ∗djβ .
Here R = 12Rµνdx
µ ∧ dxν is the SO(1, 5)-valued curvature two-form. We have introduced
the field strengths Hα3 of the B
α
2 that are given by
Hα3 = dB
α
2 +
1
2
aαwCS(R) + 2
bαA
λA
wACS(F ) , (2.10)
where the Chern-Simons forms are given by
wCS(R) = tr
(
ωˆ ∧ dωˆ +
3
2
ωˆ ∧ ωˆ ∧ ωˆ
)
, (2.11)
wBCS(F ) = tr
(
AB ∧ dAB +
3
2
AB ∧AB ∧AB
)
, (2.12)
with ωˆ being the spin-connection one-form. The field jα and the coefficients aα, bαA trans-
form as vectors in the space R1,T , which carries a symmetric inner product Ωαβ of signature
(1, T ). Note that the self- and anti-self duality conditions for Hα3 must be imposed by hand
on the level of the equations of motion by demanding
Ωαβ ∗H
β
3 = GαβH
β
3 . (2.13)
The field jα contains the scalars in the T tensor multiplets. The additional degree of
freedom in jα is fixed by the condition jαΩαβj
β = 1. By convention, in (2.9) “tr” of (FB)2
denotes the trace in the fundamental representation, and λB are normalization constants
depending on the type of each simple group factor. These constants are related to the
dual Coxeter numbers cGB of the gauge group factors GB and trace normalization factors
A
(B)
adjoint through λB = 2cGB/A
(B)
adjoint, with coefficients discussed in Appendix B.
The first two terms on the second line of (2.9) can be written as
S
(6)
GS = −
1
2
∫
Ωαβ B
α
2 ∧X
β
4 (2.14)
where
Xα4 =
1
2
aαtrR ∧R+
∑
A
bαA
(
2
λA
trFA ∧ FA
)
. (2.15)
For a 6D supergravity theory arising from F-theory, the T + 1 two-form fields Bα2
arise by expanding the R-R four-form C4 of Type IIB into a basis ωα of h
1,1(B) two-forms
2In this action we have included a term trR∧∗R in analogy to trFA∧∗FA. The precise form of this term
can be altered by a field redefinition involving the metric. In F-theory these higher derivative terms can
be determined via 5D M-theory compactifications generalizing [8]. In five dimensions the supersymmetric
completion of the curvature squared terms is known [68].
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spanningH2(B) as C4 = B
α
2 ∧ωα. The 6D tensors satisfy the duality condition (2.13) due to
the 10D self-duality of the field strength F5 of C4. Due to the varying dilaton, however, this
decomposition cannot in general be described in a weakly coupled supergravity limit. The
6D action can be derived in a more precise fashion via a 5D M-theory compactification [8].
We now discuss the various terms appearing in (2.9) and comment on the topological
information of the F-theory compactification space that we can extract from these terms.
2.2.2 Topological couplings in the Green-Schwarz term
We now discuss the terms from (2.9) that appear in (2.14). Equation (2.14) describes the
6D Green-Schwarz terms that are needed for anomaly cancellation [57, 59, 61]. In 6D there
are gauge, gravitational, and mixed gauge-gravitational anomalies. These anomalies are
captured by an 8-form anomaly polynomial I8(R,F ) that is a function of the curvature
tensor R and the gauge field strengths FA of all gauge groups. If this polynomial fac-
torizes as I8 =
1
2ΩαβX
α
4X
β
4 , then the anomaly can be cancelled using the Green-Schwarz
counterterm, as described in detail in Appendix B.
For 6D supergravity theories arising from an F-theory compactification, the SO(1, T )
vectors aβ, bβA appearing in the 6D Green-Schwarz terms carry topological information
about the F-theory geometry. These vectors correspond to the canonical class and divisor
classes carrying the nonabelian gauge group factors in the F-theory picture. Specifically,
aα = Kα , bαA = C
α
A , (2.16)
where the coefficients Kα and CβA arise in the two-form expansions
[K] = Kαωα , [SA] = C
α
Aωα , (2.17)
of the canonical class of B and the 7-brane classes in (2.3).
There are several different ways in which the correspondence given by (2.16) can be
derived and/or confirmed. The anomaly cancellation conditions provide a consistency
check on this identification; the intersection products between the vectors a, bA are given
in terms the matter content of the theory through the anomaly equations, and match with
the intersection products between K,SA in the F-theory geometry [9, 6, 7]. When K,SA
span the entire cohomology lattice H2(B,Z) then this correspondence suffices to prove
(2.16). The correspondence (2.16) can also be confirmed directly from the dual M-theory
picture; details of this computation are given in [8]. In cases where the F-theory model
has a heterotic dual, it is furthermore possible to directly derive the coefficients in the
Green-Schwarz term by dimensional reduction of the heterotic 10D theory and to confirm
(2.16) [69]; we describe this connection to 6D heterotic theories in Section 2.4.
A fourth approach to deriving the correspondence (2.16) arises from the expansion of
the curvature-corrected Chern-Simons action of the 7-branes. This approach, originally
taken by Sadov [5], is somewhat heuristic as the perturbative 7-brane action is extrapo-
lated to the nonperturbative regime. This argument is, however, the easiest approach to
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generalize to the analogous 4D context, so we focus on this method here. The Dirac-Born-
Infeld world-volume action of the 7-branes [70] (reviewed in [26]) contains Chern-Simons
type couplings that can be written in the schematic form
∫
M6×SA
C4 ∧
(
tr(FˆA)2 −
1
48
trRˆ2
)
, (2.18)
where FˆA is the 7-brane field strength, Rˆ is the curvature two-form restricted to the 7-brane
world volume, and SA are the divisors in B wrapped by the 7-branes. After dimensional
reduction to 6D, each stack of branes on a divisor SA associated with a nonabelian gauge
group factor produces the term of the form B ·SA tr(F
A)2 in (2.14). All 7-branes, including
those that do not carry nonabelian gauge group factors, should in principle carry R2 terms.
From the Kodaira condition (2.3), the sum over these branes gives precisely the class
[−12K], so that the sum over all branes of the R2 terms reproduces the term of the form
B ·K/4 trR2 in (2.14). This derivation can be understood clearly in the limit of F-theory
discussed by Sen [71, 72] where the 7-branes not carrying nonabelian gauge groups combine
into orientifold planes. We give a more detailed description of the analogous analysis in
the 4D case in Section 3.
We see then from the correspondence (2.16) that the canonical class of the base and
the divisors carrying the nonabelian gauge group factors can be read off directly from the
topological couplings in the supergravity action. To understand this relationship better
it is helpful to discuss the inner product structure on SO(1, T ) vectors somewhat further.
As discussed above, the inner product Ωαβ has signature (1, T ). For convenience we use a
shorthand notation
x · y = xαΩαβy
β . (2.19)
The vectors a, bA are associated with charges of dyonic strings given by gravitational and
gauge theory instantons. These vectors lie in an integral lattice. The integrality of the
inner products a · a, a · bA, bA · bB follows simply from the absence of anomalies in any
6D supergravity theory, independent of consideration of quantized string charges [7]. Fur-
thermore, in any consistent theory these vectors must lie in a signature (1, T ) lattice Γ
that is self-dual (unimodular) [10]. In a theory with an F-theory realization, this lattice
corresponds to the second cohomology lattice of the F-theory base
Γ = H2(B,Z) . (2.20)
The intersection product on this lattice corresponds to the inner product given by Ωαβ in
the supergravity theory. Furthermore, any charge x ∈ Γ with j · x > 0 for all j in the
Ka¨hler cone corresponds to an effective divisor in B. Thus, knowledge of the spectrum of
charged string excitations in the theory provides a complete picture of the cohomology and
effective divisors (Mori cone) of B. The lattice spanned by a, bA is in general a sublattice
of the full lattice Γ.
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2.2.3 Kinetic terms
We next consider the first two terms in (2.9). These two terms are related by supersymme-
try to the terms in (2.14) [59]. Consider first the kinetic terms of the 6D vectors with field
strengths FA. Independent of the supersymmetry relating these terms to the topological
BF 2 terms, one can compare the general form of the kinetic term of the 6D vectors with
the kinetic term of the vectors arising in an F-theory reduction. This is done either by
an M-theory lift as in [8], or by a direct evaluation of the Dirac-Born-Infeld action for
D7-branes. In the latter route, by analogy to (2.18) this term is given by∫
M6×SA
Tr (FˆA ∧ ∗8Fˆ
A) =
∫
M6
Tr (FA ∧ ∗FA) ·
∫
SA
Jb
V
1/2
b
, (2.21)
where ∗8 is the Hodge-star on the 7-brane world-volume, and Jb is the Ka¨hler form of the
base B. Note that the factor of the base volume Vb =
1
2
∫
B Jb ∧ Jb in (2.21) arises from
the Weyl rescaling of the metric to bring the Einstein-Hilbert term to standard form.3
Expanding the base Ka¨hler form as Jb = v
α
bωα, and comparing (2.21) with (2.9) one infers
jα =
vαb
(2Vb)1/2
, jαΩαβj
β = 1 , (2.22)
where the latter condition is automatically satisfied. Similarly, one can in principle evaluate
higher curvature terms in the Dirac-Born-Infeld action of a D7-brane to fix the first term in
(2.9). In contrast to the kinetic terms of the vectors FA this term contains the contraction
of the form KαΩαβj
β , where Kα is canonical class of the base as in (2.17).
Finally, we discuss the kinetic term of the two-forms Bα2 that is the remaining term
in (2.9). It contains the metric Gαβ , which due to supersymmetry can be given as a
simple expression in terms of the real scalars jα. The main purpose of including this
term is to contrast it with its four-dimensional analogue (in Section 3) where such strong
supersymmetry constraints do not apply. One notes, however, that Gαβ also admits a
small jα expansion that is valid for large two-cycle volumes vαb in the base B. Explicitly
one finds
Gαβ = −Ωαβ +O(j
2) , (2.23)
as discussed in more detail in [8]. Hence, in this large-volume limit the kinetic term of
the Bα2 allows us to infer the intersection matrix Ωαβ from the low-energy effective action.
In six dimensions, this matrix is always equivalent under a linear field redefinition to the
matrix diag(+1,−1,−1, . . .); in four dimensions, however, the analogous structure is more
complex.
We close our discussion by noting that in 6D one can in many cases use the discrete
data T and the anomaly lattice to uniquely identify the F-theory base and topological data
of the discriminant locus from the data of the low-energy theory [6, 7]. When augmented
with information about the dyonic string lattice of the low-energy theory this data is always
sufficient to uniquely determine the topology of the F-theory base, including the precise
structure of effective divisors, i.e. the Mori cone.
3One has to perform the rescaling of the 6D metric gµν → V
1/2
b gµν .
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2.3 Examples of 6D F-theory models
We give a few brief examples of 6D F-theory models to illustrate some of the points just
reviewed.
2.3.1 T = 0
The simplest F-theory base for a 6D supergravity model is P2, with h1,1 = 1 so T = 0. 6D
supergravity theories with T = 0 were analyzed extensively in [14] from the point of view
of supergravity constraints, and in [15, 16] from the point of view of F-theory. In all T = 0
models, Γ = Z, −a = 3, since K = −3H where H is the hyperplane generating H2(P
2,Z)
with H ·H = 1, and bA is an integer for each gauge group where SA = bAH.
2.3.2 T = 1
The F-theory bases with T = 1 are the Hirzebruch surfaces Fm,m ≤ 12 [3]. These are P
1
bundles over P1. A basis for H2(B,Z) for Fm is Σ, F , with Σ a section and F a fiber, and
intersection numbers Σ · Σ = −m,Σ · F = 1, F · F = 0. The irreducible effective divisors
in this basis are Σ, F, and qΣ + pF with q > 0, p ≥ mq. The generic Weierstrass model
over Fm for m = 0, 1, 2 has no gauge group or matter, and for m = 3, 4, 5, 6, 8, 12 has a
gauge group SU(3), SO(8), F4 , E6, E7, E8 with no charged matter. We focus here on the
structure of the Green-Schwarz terms for these models. In the following section these terms
are related to the dual heterotic picture.
There is a natural linear basis for H2(Fm,Z) given by
ωf = [Σ + (m/2)F ], ωb = [F ] , (2.24)
where the brackets indicate that we consider the Poincare´ dual two-forms. In this basis
the inner product is given by
Ωαβ =
∫
B2
ωα ∧ ωβ , Ω =
(
0 1
1 0
)
. (2.25)
While this basis is not an integral basis for the lattice for m odd, it will be useful in
matching to the heterotic theory.
The 6D two-forms in Type IIB on Fm arise from the C4 R-R field via the decomposition
C4 = Bf ∧ωf +Bb ∧ωb into the two-forms ωf , ωb introduced in (2.24). To evaluate the 6D
Green-Schwarz terms for Bf and Bb we first determine a for this geometry. In the ωf , ωb
basis we have
−[K] = [2Σ + (2 +m)F ] = 2ωf + 2ωb , a = (K
α) = (−2,−2) , (2.26)
where [K] is the canonical class of B2. The vector b is determined by the wrapping of the
7-brane. For a gauge group factor wrapped on a divisor S = pΣ+ q F , one has
[S] = pωf + (q − pm/2)ωb , b = (C
α) = (p, q − pm/2) . (2.27)
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The Green-Schwarz terms are then obtained by inserting (2.26), (2.27), and (2.25) into the
general expession (2.14) such that
S
(6)
GS =
1
2
∫
(Bf +Bb) ∧ trR
2 − (pBb + (q − pm/2)Bf ) ∧
2
λ
tr F 2 . (2.28)
2.4 Six-dimensional heterotic models
The T = 1 6D models discussed above are also well understood in a dual heterotic pic-
ture [3]. Generic Weierstrass models over Fm correspond to heterotic E8 × E8 compacti-
fications on K3 with 12 ±m instantons in each E8 factor, or for F4 to heterotic SO(32)
compactification on K3. The 6D Green-Schwarz terms for these theories can be derived
directly from the heterotic 10D action. This can be seen on the one hand as a method
for confirming the form of the Green-Schwarz terms. On the other hand, this can be seen
as a simple way of determining the F-theory dual of the heterotic theories: by finding the
low-energy data associated with a given heterotic model and constructing from this the
F-theory data we can directly determine the F-theory dual of a given heterotic theory.
This discussion is intended as a warmup for the 4D case discussed in the following section,
where similar statements hold.
2.4.1 Heterotic in 10D
We first recall the 10D heterotic supergravity action with gauge groups SO(32) and E8×E8.
Since we want to determine a 6D action of the form (2.9) with the duality constraint (2.13)
imposed on tensors, it will be convenient to start with a pseudo action in 10D. This action
depends on the heterotic B-field Bˆ and its dual six-form field Bˆ6. Throughout this section
we use hats (as in Bˆ) to denote 10D quantities; fields without hats refer to 6D quantities.
A well-known global constraint on 6D heterotic compactifications arises from the Bianchi
identity of the modified heterotic three-form field strength Hˆ. Due to the Chern-Simons
connections in Hˆ it satisfies
dHˆ =
2
λ
TrFˆ 2 − trRˆ2 , Hˆ = dBˆ +
2
λ
wBCS(F )− wCS(R) . (2.29)
where λ = 2 for SO(32), and λ = 60 for E8 × E8. We use the 10D string-frame pseudo-
action 4
S
(10)
B =
∫
−
1
4
e−2φ Hˆ ∧ ∗Hˆ −
1
4
e2φ Hˆ7 ∧ ∗Hˆ7 −
1
3
Bˆ ∧ Xˆ8 −
1
2
Bˆ6 ∧ Xˆ4 . (2.30)
with the duality ∗Hˆ = e2φHˆ7 imposed on the level of the equations of motion. Note that the
equations of motion of (2.30) supplemented by the duality constraint precisely reproduce
the equations of motion of the heterotic action. The last two terms in (2.30) are the 10D
Green-Schwarz terms with
Xˆ8 =
1
24
TrFˆ 4 −
1
7200
(TrFˆ 2)2 −
1
240
TrFˆ 2 trRˆ2 +
1
8
(trRˆ4) +
1
32
(trRˆ2)2 , (2.31)
Xˆ4 =
2
λ
tr Fˆ 2 − trRˆ2 , (2.32)
4We have used in this action and in (2.29) a normalization of the B-field convenient for heterotic/F-theory
duality discussed below.
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where again λ = 2 for SO(32), and λ = 60 for E8×E8. Note that the equations of motion
of Bˆ6 determined from (2.30) are precisely the Bianchi identity (2.29) via the duality of
the field stregths.
2.4.2 Green-Schwarz terms and duality to F-theory
We now describe in detail the derivation of the Green-Schwarz terms for 6D heterotic
compactifications and the connection through duality to F-theory. As we describe in the
following section, a very similar analysis holds in four dimensions. Green-Schwarz anomaly
cancellation in 6D heterotic compactifications on K3 was first analyzed in [57]. The deriva-
tion of the 6D Green-Schwarz terms from the heterotic theory was done by Honecker in
[69], and the determination of the structure of the 6D terms from anomalies was worked out
by Erler in [61]. The trace factors needed for this computation are given in [61]. Note that
the conventions of [61, 6, 7] differ from those of [57, 69]. We follow the former conventions
here.
Consider the heterotic theory compactified on K3, described as a T 2 fibration over P1.
There is one 6D tensor that we shall call B0 coming from the 10D B-field Bˆ in non-compact
directions. This B0 is not chiral but a linear combination of the self-dual and anti-self-dual
tensors that which are part of the 6D gravity and tensor multiplets respectively. In the
action formulation (2.30), with duality condition ∗Hˆ = e2φHˆ7 imposed on the level of the
equations of motion, one also gets a second 6D tensor from Bˆ6. We denote this 6D tensor
arising from Bˆ6 wrapped on the wrapped on the K3 by B1. The 10D duality of the B
field to B6 reduces to the 6D duality of B0, B1 with the inner product matrix (2.25). The
contribution of B1 to the 6D action comes the last term in (2.30) and yields
S
(6)
GS(B1) =
1
2
∫
B1 ∧ (trR
2 −
2
λ
tr F 2) . (2.33)
The contribution of B0 to the 6D action comes from the dimensional reduction of the 10D
Green-Schwarz term involving Xˆ8. To get the 6D action we replace half of the indices in Xˆ8
with internal (compact) indices; we denote curvatures in the compact directions by R,F .
In 6D compactifications on K3 the Bianchi identity (2.29) implies 5
2
λ
∫
K3
trF2 =
∫
K3
trR2 = 24 . (2.34)
This implies a fixed total instanton number for SO(32), but allows for the distribution
12 ± k of instantons between the two gauge group factors in the E8 × E8 case.
We now consider separately the heterotic SO(32) and E8×E8 theories. For the SO(32)
theory in a generic instanton background, we replace [61]
TrFˆ 2 = 30trFˆ 2 , TrFˆ 4 = 24 trFˆ 4 + 3(trFˆ 2)2 . (2.35)
5Here we have fixed the normalization of F ,R such that (2/λ)
∫
K3
trF2,
∫
K3
trR2 are integers.
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The trRˆ4, trFˆ 4 terms in the fundamental representation from (2.31) do not contribute in
6D since the curvature in the compact directions is associated with different indices from
the 6D curvatures. Thus, (2.31) gives
Xˆ
SO(32)
8 =
∫
K3
(
−
1
8
trF 2 trR2 −
1
8
trR2 trF2 +
1
16
trR2 trR2
)
. (2.36)
We thus have the Green-Schwarz couplings
S
(6)
SO(32) =
1
2
∫
(B1 +B0) ∧ trR
2 − (B1 − 2B0) ∧ trF
2 . (2.37)
Comparing this Green-Schwarz term with the general expression (2.14), we read off in the
basis (B0, B1) with intersection product (2.25) the vectors
a = (−2,−2) , b = (1,−2) , (2.38)
Note that the first entry of a and b is easy to infer by comparing the modified heterotic
field strength (2.29) with the general 6D expression (2.10). These agree with the F-theory
picture (2.28) under the identifications
(Bf , Bb) ↔ (B0, B1) . (2.39)
The vector a in (2.38) agrees with the F-theory expression (2.26). In the SO(32) case the
vector b = (1,−2) shows that in F-theory the compactification manifold must be F4 and
the remaining gauge group (SO(8) when maximally broken) must arise from a 7-brane
wrapping the divisor Σ on F4. To see this, we use the fact that the vector b = (1,−2) only
encodes an irreducible effective divisor on Fm for F4. For m < 4 the corresponding divisor
is not effective and for m > 4 it is not irreducible. This reproduces the standard picture
of heterotic/F-theory duality in this case [3]
For the E8 × E8 case, we have a similar analysis. Now there are 12 ± k instantons in
the two E8 factors. Using the E8 trace normalization and relation [61]
TrFˆ 2 = trFˆ 2 , TrFˆ 4 =
1
100
trFˆ 4 (2.40)
and inserting into (2.31) we get
XˆE88 =
∫
K3
(
1
3600
[
2trF 21 trF
2
1 + 2trF
2
2 trF
2
2 − trF
2
2 trF
2
1 − trF
2
1 trF
2
2
]
(2.41)
−
1
240
[
trF 21 trR
2 + trR2 trF21 + trF
2
2 trR
2 + trR2 trF22
]
+
1
16
[
trR2 trR2
])
.
Inserting
∫
trR2 = 24,
∫
trF21,2 = 30(12 ± k) gives the Green-Schwarz terms
S
(6)
E8
=
1
2
∫
(B1 +B0) ∧ trR
2 −
1
30
(
B1 −
k
2
B0
)
∧ trF 21 −
1
30
(
B1 +
k
2
B0
)
∧ trF 22 , (2.42)
– 16 –
Comparing this with the general 6D expression (2.14) gives
a = (−2,−2) , b1 = (1,−k/2) , b2 = (1, k/2) . (2.43)
This is in agreement with the F-theory picture with the identification (2.39) where the
remaining components of the two E8 groups wrap Σ,Σ + kF on Fk. We see that the
heterotic/F-theory correspondence of these terms immediately determines the space for
the F-theory dual of each choice of instanton distribution in the heterotic theory as well
as the locus on which the branes carrying the two gauge group factors are wrapped. For
generic instanton configurations, only one of these gauge groups remains unbroken; by
convention this is taken to be the gauge group associated with the divisor Σ on Fk.
We thus see that by computing the Green-Schwarz terms on the heterotic side, we
can immediately determine the topology and divisor classes of the base manifold and 7-
branes carrying gauge groups for a dual F-theory model. Note that on the heterotic side,
it possible to have a K3 that is not elliptically fibered. In this case there is no clear F-
theory dual. The determination of the F-theory dual through the Green-Schwarz terms is
only topological, however. Because the non-elliptically fibered K3’s are in the same moduli
space as elliptically fibered K3 surfaces, they can be reached by a continuous deformation
from models admitting F-theory duals. It would be interesting to understand better how
this works in the dual F-theory picture.
3. Four-dimensional supergravity theories and F-theory vacua
We now carry out a similar analysis for 4D supergravity theories and F-theory construc-
tions. This section is structured in a parallel fashion to the 6D story in the previous
section, though some of the technical and conceptual aspects are more complicated. As
in 6D, the supergravity spectrum and topological terms correspond closely to the topo-
logical structure of 4D F-theory vacua, at least for large-volume compactifications where
the moduli can be clearly identified from the low-energy theory. Section 3.1 contains some
simple observations on the connection of 4D spectra with F-theory geometry. We describe
the general structure of axion–curvature squared terms in the 4D action in Section 3.2.
The topological nature of these terms in 4D encodes much of the relevant structure of the
F-theory compactification geometry, just as the Green-Schwarz BF 2 and BR2 terms in 6D
encode key aspects of the topology of the corresponding elliptically fibered F-theory three-
fold. This story is complicated in four dimensions, however, by the appearance of similar
terms associated with additional axion fields, for example at weak string coupling from
the 10D axiodilaton. In Section 3.3 we describe as examples F-theory compactifications on
bases that are complex threefolds with the structure of a P1 fibration. These are dual to
4D heterotic compactifications over elliptically fibered threefolds; we describe these models
in Section 3.4 and show how the axionic–curvature squared terms can be derived from the
heterotic theory and used to identify the topology of the F-theory dual.
Note that while in six-dimensional supergravity theories the spectrum of the theory is
massless, and the structures visible from F-theory geometry are clearly apparent through-
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out the moduli space, the story is more complicated in four dimensions. Perturbative and
nonperturbative effects, including the fluxes needed for D3-brane tadpole cancellation, lift
some moduli of the F-theory geometry. Structures in the action and constraints that are
apparent in the large volume F-theory limit are not protected against perturbative and
nonperturbative corrections, and may be lost or modified in the full off-shell configuration
space of the theory. In discussing the spectrum and terms in the 4D supergravity action,
we are working in a limit where the compactification volume is large, and where the spec-
trum of light fields, while possibly lifted by fluxes, is still related to the geometry of the
F-theory compactification. As we discuss at the end of the paper, going beyond this limit
and exploring the implication of these structures and constraints on the broader off-shell
configuration space is an interesting open problem for further research.
3.1 F-theory vacua and 4D spectra
We begin by summarizing the field content of 4D N = 1 supergravity theories, and de-
scribing the spectrum that will appear in any F-theory compactification. Much of this
correspondence is known [27, 48], but we add some further observations here. The spec-
trum of a general N = 1 theory contains a single gravity multiplet and a number of chiral
multiplets C, as well as a number of vector multiplets V . A chiral N = 1 multiplet con-
tains a single complex scalar comprising one real scalar and one real pseudoscalar degree
of freedom [73] while a vector multiplet contains a vector as bosonic components. The
standard form of the N = 1 supergravity action is well-known and can be found, e.g. in
[74].
3.1.1 Scalar spectrum and couplings
In an F-theory construction of a 4D N = 1 theory, we have a Calabi-Yau fourfold X that is
elliptically fibered over a complex threefold base B3. The origin of the various fields in the
4D theory is described in [27, 48] from the point of view of F-theory as a limit of M-theory.
We focus here on neutral scalar fields; charged fields are discussed in later sections. Since
a non-Abelian gauge group on the 7-branes generically renders the fourfold X singular,
as in 6D we use the resolved fourfold Xˆ to determine the spectrum of the theory. In the
F-theory picture, there are h3,1(Xˆ) neutral chiral multiplets associated with the complex
structure moduli zk of Xˆ, or equivalently with the physical moduli in the Weierstrass
model describing the 7-brane configuration. Counting h3,1(Xˆ) corresponds to considering
deformations that preserve the 7-brane gauge group singularities that are smoothed in the
resolution from X to Xˆ . Other chiral multiplets arise from a basis ωα of H
1,1(B3) when
expanding the Ka¨hler form Jb of B3 and R-R 4-form C4 as
Jb = v
α
bωα , C4 = B
α
2 ∧ ωα . (3.1)
In 4D we can dualize the resulting two-forms to give axions ρα that complexify the fields
from the Ka¨hler class into complex moduli Tα. In contrast to the 6D compactifications
discussed in the previous section, there is yet another class of chiral multiplets, associated
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to the third non-trivial Hodge number of a Calabi-Yau fourfold. In general, there will be
h2,1(Xˆ)− h2,1(B3) multiplets of this type, which arise in the M-theory picture as complex
scalars in the expansion of the three-form potential into the respective three-form basis of
X. At weak string coupling these fields correspond to modes of the Type IIB R-R and
NS-NS two-forms and the Wilson line modes on the 7-branes. We decompose the chiral
multiplets into different types, where the numbers of the different types of fields are related
to the Hodge numbers of the F-theory compactification through
Ccs = h
3,1(Xˆ)− 1 , (3.2)
Csa = h
1,1(B3) + 1 , (3.3)
C21 = h
2,1(Xˆ)− h2,1(B3) . (3.4)
While the total number of complex scalars is C = Ccs + Csa + C21, these different types
of scalars have distinct properties and couplings in the large-volume F-theory limit. In
particular, the scalars Csa + C21 are distinguished from the scalars Ccs by the fact that
the Csa + C21 can immediately be identified as having pseudoscalar components with an
axionic shift symmetry. At weak string coupling this is apparent from the fact that the
Ka¨hler moduli, the B-field moduli and the dilaton are complexified by real scalars arising
in the expansion of the Ramond-Ramond forms with discrete shift symmetries [75].6 We
have therefore grouped the scalar containing the degree of freedom of the axiodilaton with
Csa rather than with Ccs.
To further distinguish the types of scalar fields, we can study their couplings in the
effective action. As we discuss in more detail in Section 3.2, the Csa scalars generically
contribute to axion-curvature squared terms of the form ρR ∧ R, ρF ∧ F , where ρ is the
pseudoscalar component. It is less clear, however, whether the C21 scalars have couplings
of this form. The absence of such couplings for these axions might be linked with the
fact that the scalars C21 have an additional discrete symmetry, as we discuss next. We
recall that at large volume the definition of the real part of the h1,1(B3) Ka¨hler moduli Tα
contains divisor volumes in the base B3. The imaginary part of Tα are the axionic scalars
dual to the two-form fields obtained from reducing C4. One observes that the C21 complex
scalars Na appear quadratically in Tα, with a coupling function dαab(z, z¯) determined by a
holomorphic functions of the complex structure moduli zk of X. Using the corresponding
M-theory reduction [77, 78] one explicitly finds [48]
Tα =
1
2καβγv
β
bv
γ
b +
1
4dαab (N + N¯)
a(N + N¯)b + iρα , (3.5)
where vαb are the base two-cycle volumes introduced in the expansion (3.1), and καβγ is the
triple intersection number on B3. The leading classical Ka¨hler potential K determining the
kinetic terms of the scalars is given as a function of the base volume Vb and the h
3,1(Xˆ)
complex structure moduli of Xˆ. It must be evaluated as a function of the complex moduli
Tα, N
a and zk by solving (3.5) for vαb and inserting the result into Vb ∝ καβγv
α
b v
β
bv
γ
b . This
6This is equally true for the 7-brane Wilson line moduli also contained in C21 [76].
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implies that K is only a function of Tα + T¯α and N
a + N¯a. Given these expressions we
note that the kinetic terms of the action have the classical shift symmetries
Na → Na + iΛa , Tα → Tα + iΛα . (3.6)
We expect that generally these symmetries will be broken to discrete shifts by quantum
states coupling to Tα, N
a. Further, observe that one has the symmetry pi : Na → −Na due
to the quadratic appearance of Na in (3.5). It is tempting to conjecture that this symmetry
pi is preserved at the quantum level, and allows one to distinguish the C21 scalars N
a from
the others. Such a symmetry can also potentially forbid curvature-squared couplings.
The main structure that we focus on in this section is the axion-curvature squared
terms mentioned above that couple the pseudoscalar components of the fields Csa to the
gravitational and gauge curvatures. The existence of such couplings is connected with
the set of quantum string states in the theory that are magnetically charged under the
axion fields. In general, each axion field obeys a discrete shift symmetry where the shift
of the field lies in the lattice of possible axionic string charges. Note that, just as in six
dimensions, the lattice of quantized string states should arise in four dimensions in any
quantum theory of gravity containing axions under which the strings can carry charges,
independent of the UV completion of the theory. Each of the fields of the type Csa contains
a pseudoscalar axion with such a shift symmetry as its imaginary part, and in the next
section we compute the couplings of these axions to curvature squared terms in the action.
While chiral multiplets in general include pseudoscalar components as their imaginary
parts, which may also act as axions under which string excitations of the 4D theory are
magnetically charged, it is less clear how this works for the other types of scalar fields
Ccs, C21. There is no apparent axionic shift symmetry for generic complex structure moduli
h3,1(Xˆ) in the F-theory construction using an elliptic fourfold. Nevertheless one can find
couplings of the scalars Ccs to certain U(1)-curvature squared terms as we discuss in (3.10).
It would be very interesting to investigate the set of couplings for these scalars in more
detail. It is possible that away from special limits in the F-theory complex structure moduli
space, such as the weak string coupling, or the heterotic limit, all scalars h3,1(Xˆ) mix with
other moduli and correct the curvature-squared couplings. For curvature-squared couplings
involving the 7-brane field strength this was also found in [54]. Indeed, in the context of
mirror symmetry for N = 2 theories [79], complex structure and Ka¨hler moduli are related
through a duality symmetry, suggesting that generically both types of moduli may admit
shift symmetries and engage in couplings to curvature-squared terms.
3.1.2 Vector spectrum and gauge kinetic functions
Vector fields in the 4D theory come from two sources. The first class of vector fields
arises in complete analogy to the 6D compactifications. The nonabelian gauge symmetries
arise from the codimension one singularities of the elliptic fibration of X over the base B3.
Physically these singularities signal the presence of space-time filling 7-branes. The rank
of the gauge group can be determined by resolving X to Xˆ. The total rank rv of the gauge
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group is
rv = h
1,1(Xˆ)− h1,1(B3)− 1 (3.7)
as in (2.5). As discussed in section 2.1 this general expression also counts massless U(1)
factors. These are obtained when the elliptic fibration X has more than one section.
Let us review the form of the gauge coupling function for a non-Abelian gauge group
on a stack of 7-branes wrapped on divisors SA. This coupling can be computed by using an
M-theory dual description [48], or from the 7-brane action at weak coupling as discussed
below, and is given at leading order by
fA =
1
2
CαATα , [SA] = C
α
Aωα , (3.8)
where ωα is a basis of two-forms of B3, and the Tα have been given in (3.5). This expression
for fA is well-known for D7-branes [76]. From the weak coupling analysis, however, one
expects additional classical corrections to fA. These can be induced by fluxes, or by a non-
trivial curvature on the brane as we discuss below. In the F-theory context such corrections
have not been studied in full detail. This is due to the fact that their M-theory origin is
more involved, as recently shown in [54].
In contrast to 6D compactifications one finds in addition h2,1(B3) U(1) vector fields
that arise from expanding C4 into harmonic three-forms of the base B3. The rank of this
abelian part is denoted by
r21 = h
2,1(B3) , (3.9)
which is equal to the number of such U(1) factors. The gauge coupling functions for these
r21 vectors are given at leading order by [48]
τκλ(z) =
i
2
(∫
B
βµ ∧ ψ¯κ
)−1 ∫
B
αλ ∧ ψ¯
µ . (3.10)
Here (ακ, β
κ) is a real symplectic basis on B3, while ψ
κ is a basis of (2, 1) forms on B3
varying with the complex structure moduli zk. In other words, at this leading order τκλ
only depends on the complex structure moduli zk. The imaginary part of τκλ thus couples
to F κ ∧ F λ inducing a coupling of type axion-curvature squared to the h2,1(B3) Ramond-
Ramond U(1) vectors. Similarly one expects subleading corrections to (3.8) depending on
the complex structure moduli zk.
3.1.3 Fluxes, D3-brane tadpole and chiral spectrum
A key difference from the situation for 6D F-theory compactifications is the fact that 4D
vacua allow for a non-trivial background flux. Including such fluxes in four-dimensional
F-theory constructions is the subject of substantial current work [27]-[34]. In fact, such
fluxes are often necessary for tadpole cancellation and have to be present in a consistent
vacuum. This leads to an intriguing interplay of geometric data and flux data. It will be
a far reaching task to unify both into a common framework. Here we make some basic
observations that will be useful in the analysis below of the 4D effective action.
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To begin with, we note that there are three types of background fluxes in F-theory:
R-R and NS-NS three-form flux in the bulk, and two-form fluxes on the 7-branes. While
an individual description of these fluxes can be difficult to integrate with the Weierstrass
description of an F-theory model, there is a natural lift of these fluxes into a single type of
four-form flux G4 that can be interpreted as an actual four-form on a smooth geometry Xˆ
in the dual M-theory compactification, where G4 is the field strength of the M-theory three-
form. A general G4 induces a 4D superpotential as well as a D-term. The superpotential
is given by W (z) =
∫
G4 ∧ Ω [80], and depends holomorphically on the h
3,1(Xˆ) complex
structure moduli of Xˆ. The large volume D-term depends on the Ka¨hler moduli via the
Ka¨hler form on Xˆ. It will be useful to introduce the the matrix
ΘΣΛ =
∫
Xˆ
ωΣ ∧ ωΛ ∧G4 . (3.11)
where ωΣ is a basis of two-forms of H
2(Xˆ,Z) on the resolved fourfold, including all new
classes ωiB obtained after resolution of gauge group GB singularities for non-Abelian 7-
branes. Components of ΘΣΛ determine the D-terms. The D-terms arise from gaugings of
the shift symmetries (3.6) of the imaginary part of the scalars Tα given in (3.5). In the
M-theory dual Coulomb branch description the gauge-invariant derivative is given by
DTα = dTα + iΘαiBA
iB (3.12)
where iB labels the forms ωiB arising from resolving the gauge group singularities for GB .
In the 4D F-theory compactification one has to replace ΘαiB with an adjoint valued matrix
ΘαB and the invariant derivative takes the form
DTα = dTα + iTr(ΘαB A
B) (3.13)
Note that ΘαB corresponds to a non-Abelian flux background on the Bth 7-branes and
thus will break the gauge group GB .
Let us stress here, that both the superpotential as well as the D-terms give mass to
some of the Ccs +Csa moduli. This complicates the identification of light states in the 4D
effective theory. Since, however, the masses both from the superpotential and the D-terms
are suppressed by a volume factor of higher power than for the masses of the KK-modes,
one can identify light fields at large volume.
It is crucial to note that G4 has to obey various constraints. First, it has to be
quantized appropriately, since G4+c2(Xˆ)/2 has to be an integral class [81]. This condition
has recently been analyzed systematically for F-theory geometries in [82, 83]. Secondly,
certain components of ΘΣΛ have to vanish in order that G4 lifts to an F-theory flux and
preserves 4D Poincare´ invariance [27, 31, 53]. Fluxes are crucial to induce a 4D chiral
matter spectrum as recently studied in [84, 85, 86], [30]-[34]. In general the components
ΘiAjB =
∫
Xˆ
ωiA ∧ ωjB ∧G4 , (3.14)
with ωiA , ωjB resolving the gauge group singularities for GA, GB on one or more 7-branes,
can be non-zero. Physically these components of ΘΣΛ carry the information about the 4D
chiral matter spectrum integrated out at one loop in the M-theory compactification [33].
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In 4D compactifications the fluxes and geometry are linked via the well-known global
consistency condition ensuring cancellation of 3-brane tadpoles. In the M-theory language,
this tadpole constraint is
χ(Xˆ)
24
=
1
2
∫
G4 ∧G4 +N3 , (3.15)
where χ(Xˆ) is the Euler character of the resolved Calabi-Yau fourfold. Here N3 is the
number of 3-branes, which are point-like objects in B3. The number of independent com-
ponents of G4 depends upon the Hodge number h
2,2(X). A linear relation between the
Hodge numbers on a Calabi-Yau fourfold [87, 88]
h2,2(X) = 44 + 4h1,1(X) + 2h2,1(X) − 4h3,1(X) (3.16)
shows that the Euler character can then be written as
χ(Xˆ) = 6(8 + h1,1(Xˆ) + h3,1(Xˆ)− h2,1(Xˆ))
= 6(9 +Csa + Ccs + rv − (C21 + r21)) . (3.17)
This links the light spectrum with the fluxes via (3.15). Note, however, that fluxes also
make it hard to identify massless moduli since, as mentioned above, the flux-induced D-
term will generate a potential for the fields introduced in section 3.1.1. In general, there will
be many discrete choices of flux associated with a given geometric F-theory background.
This can be either achieved by using G4 fluxes or introducing a number N3 of 3-branes.
Note that the presence of D3-branes leads to additional light degrees of freedom cor-
responding to the moduli of the D3-branes. For N3 separated D3-branes they shift the
number of fields
∆Ccs = 3N3 , ∆rv = N3 , (3.18)
where the scalars arise from the three complex positions of the D3-brane in B3. Note that
each D3-brane comes with an additional four-dimensional U(1) gauge symmetry which is
generically unbroken. This leads to a link (3.18) of the number of U(1)’s with the number
of massless deformations. This should be contrasted with the case of 7-branes, or even D7-
branes, where the brane U(1)’s can be massive at the Kaluza-Klein scale due to a geometric
Stu¨ckelberg term [76, 52]. This is true both in 4D and 6D since in both cases the 7-brane
embedding into the base B3 can have a non-trivial topology. We do not work with theories
here that have separate D3-brane degrees of freedom.
3.2 Couplings in the 4D supergravity action from F-theory
In this section we discuss some specific terms in the action of the 4D N = 1 effective su-
pergravity theories that arise by compactifying F-theory on the elliptically fibered fourfold
X. As in the 6D discussion (2.9) we focus on terms in the action that contain information
about the topological data of the compactification manifold X. It is important to remem-
ber that 4D,N = 1 is much less protected against corrections than its 6D counterpart due
to the smaller number of supersymmetries and space-time dimensions. It is therefore more
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challenging to extract the geometric data from a low-energy 4D supergravity theory than
in 6D. As discussed above, this connection can be made most clearly in the large-volume
limit. We find it useful in this discussion to frame part of the analysis involving scalar-axion
fields in terms of a dual 4D picture where these fields are analogs of 6D tensor multiplets.
3.2.1 Topological couplings in the F-theory effective action
We now wish to focus on particular terms in the N = 1 effective action involving the
scalar-axion fields Csa. In particular, we consider terms in the theory that are analogous
to the couplings (2.14), and have the form
S(4)ax =
1
8
∫
1
2
aAρA trR ∧R+
2
λA
bAAρA trF
A ∧ FA . (3.19)
In these couplings, ρA are the axions appearing as the imaginary parts of the Csa scalar
fields. The index A is taken to be 0 for the axion associated with the axiodilaton at weak
coupling, and α = 1, . . . , h1,1(B3) are the remaining Csa fields. As in 6D, a
α describes
the canonical class of the F-theory base, while bαA contains information about the divisor
classes on which the nonabelian gauge group factors are wrapped. Just as in six dimensions,
the terms (3.19) can play a role in anomaly cancellation through the generalized Green-
Schwarz mechanism [49, 50, 51]. These terms appear, however, independent of the need
for anomaly cancellation, and are present even in theories without unbroken gauge groups.
The appearance in these terms of the canonical class of the F-theory base and the classes
carrying the 7-branes associated with gauge groups plays a key role in the correspondence
between the low-energy theory and the F-theory construction, just as in six dimensions.
The 4D story is more complicated, however, due to the existence of extra axions that do
not tie directly into the divisor geometry in F-theory. For example, at weak string coupling
the dimensionally reduced 10D axiodilaton will appear in the curvature-squared couplings,
despite the fact that it does not admit a two-form interpretation in 6D. We discuss such
additional axions in section 3.2.2. As we describe in more detail below in section 3.2.3, the
couplings (3.19) admit a dual description when the axions are dualized to two-forms and
lead to corrected field strengths of the form (2.10).
We now describe how the terms appearing in the action (3.19) are determined in an
F-theory reduction on a Calabi-Yau fourfold. We concentrate first on the terms involving
the h1,1(B3) axions in Tα. To determine b
α
A we note that the F
2 coupling is given by the
imaginary part of the gauge coupling function fA. For a 7-brane these can be extracted
at weak string coupling using an argument analogous to (2.18), as we show below. Alter-
natively, as discussed above, one can use the duality between M-theory and F-theory to
derive fA [48]. Either approach gives a leading gauge coupling function (3.8) that is linear
in Tα. Comparing this with (3.19) gives
bαA = C
α
A , [SA] = C
α
Aωα , (3.20)
where SA are the divisors in B3 wrapped by the 7-branes. The weak-coupling 7-brane
analysis below also describes the higher curvature terms R2 with coupling aα. The upshot
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is that, just as in 6D, aα corresponds to the canonical class of the F-theory base manifold
through
aα = Kα , c1(B3) = −K
αωα . (3.21)
One expects that the expression for aα can also be determined via an M-theory reduc-
tion as in the 6D/5D reduction [8]. This is more involved, however, than in the 6D case,
due to the fact that the R ∧R term couples to the axion ρα rather then the two-form B
α
2
that is the 4D dual of ρα.
We now give the weak coupling 7-brane analysis showing that the identifications (3.20)
and (3.21) are indeed correct, and fix the numerical factors in the latter coupling. This
analysis proceeds in analogy to the similar analysis for 6D compactifications. We con-
sider the Chern-Simons couplings of the D7-branes and O7-planes. The branes will admit
SU(N AˆD7) gauge groups, such that λAˆ = 1 in (3.19). We focus here particularly on the
terms coupling to the R-R four-form C4 which admits the expansion C4 = ραω˜
α, where
ω˜α are the four-forms on B3 dual to ωα. Inserting this expansion into the Chern-Simons
actions and integrating over the compact directions one obtains
SCSD7 (R,F ) = −
1
2
∫
M3,1
Cα
Aˆ
ρα
( 1
96
tr(R ∧R)N AˆD7 +
1
2
tr(F Aˆ ∧ F Aˆ)
)
+ . . . ,
SCSO7 (R) = +2
∫
M3,1
C˜αρα
(
−
1
192
tr(R ∧R)
)
+ . . . , (3.22)
where Cα
Aˆ
is the restriction to the Aˆth D7-brane stack, and N AˆD7 is the number of D7-branes
on the Aˆth stack. Here Aˆ will run only over indices labeling the D7-branes. The restriction
to the O7-plane is denoted by C˜α. Note that in F-theory, both Cα
Aˆ
and C˜α are combined
into CαA. The fact that in F-theory the O7-plane is split into two 7-branes is captured by
the relative factor of 2 when comparing the tr(R2) for the D7-brane and O7-planes after
using µO7 = −4µD7. From the F ∧ F terms we confirm (3.20). We are now also in a
position to show (3.21). At weak coupling the discriminant in F-theory splits through
−12[K] = [∆] = 2[SO7] +N
Aˆ
D7[SAˆ] = (2C˜
α +N AˆD7C
α
Aˆ
)ωα , (3.23)
where the first equality is the Kodaira constraint (2.3). Hence, one infers 12Kα = −(2C˜α+
N AˆD7C
α
Aˆ
), which inserted into the sum of the actions (3.22) yields the identification (3.21).
Note that we have determined the numerical factor in aα by comparison to the result (3.10)
for fA.
3.2.2 An additional axion
As discussed above, we have included an additional scalar-axion field contributing to Csa
thereby treating it on a similar footing to the h1,1(B3) scalars Tα; we denote this field by
T0. This can be motivated by the fact that there are two limits in the complex structure
moduli space of Xˆ, where one scalar-axion field is singled out.
Firstly, at weak string-coupling T0 corresponds to the dimensionally reduced axiodila-
ton τIIB setting
T0 = −iτIIB = e
−φ − iC0 . (3.24)
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In this weak coupling limit ReT0 is large, which is the analog to the ReTα in the large-
volume limit of B3. Using an expansion of the Chern-Simons actions of D7-branes and
O7-branes one can derive the couplings a0, b0A of ImT0 to R
2 and (FA)2. However, away
from the weak coupling limit in a generic F-theory compactification the axiodilaton τIIB3
is no longer a well-defined 4D field, since it admits SL(2,Z) monodromies around the 7-
branes. The appropriate coordinates are now the h3,1(Xˆ) complex structure deformations
that contain this weak-coupling degree of freedom. We thus expect couplings of the form
1
2
a˜(z) trR ∧R+
2
λA
b˜A(z) trF
A ∧ FA , (3.25)
where a˜(z), b˜A(z) admit appropriate monodromy properties for a given Calabi-Yau geome-
try. At weak coupling the functions a˜, b˜A can be expanded into a term linear in ImT0 with
exponentially suppressed corrections. We do not have a clear derivation of these terms in
a general F-theory setup. In principle it should be possible to compute these couplings by
gluing together contributions from all 7-brane actions focusing on the axiodilaton coupling.
Note that the described situation is very similar to the complex structure dependent cou-
plings (3.10) for the Ramond-Ramond U(1) vectors, and hence to the analogous N = 2
story for Calabi-Yau threefold compactifications. a˜(z), b˜A(z) are expected to be compli-
cated functions of the complex structure moduli that depend on the point in moduli space
and have some characteristic expansion with coefficients determined by the topological data
of the base B3 and gauge bundles on the 7-branes.
A second limit in which the couplings a˜(z), b˜A(z) can be expanded into a term linear
in a single axion with exponentially suppressed corrections can be accessed for F-theory
geometries with a heterotic dual. We will make this precise in Section 3.4, and derive these
couplings through the duality to heterotic theory.
Note that, as mentioned in the introduction to this section, giving up the the large-
volume limit for B3 one expects to also lose the linearity in the Tα, and all axions may mix
non-trivially. It is not clear from the F-theory point of view how these couplings can be
computed, however. We leave further investigation of this question to future work.
3.2.3 Remarks on the triple intersection numbers and identification of F-theory
geometry
We have seen so far how the Hodge numbers, canonical class, and 7-brane divisors of an
F-theory compactification are encoded in the corresponding 4D supergravity theory. As in
6D, a key part of the topological structure of the F-theory compactification geometry lies
in the intersection form of the F-theory base. In 4D, this intersection form is the triple
intersection product καβγ . In contrast to the 6D story, however, the triple intersection
product is not immediately visible in a general 4D N = 1 supergravity theory. Due to
perturbative and non-perturbative corrections, the kinetic terms of the scalars are not
protected. Only at leading order in the large-volume limit in an F-theory compactification
is the triple product visible.
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The situation is relatively clear when the scalars Tα can be replaced by linear multiplets
containing as bosonic components a real scalar Lα, which is the Legendre dual Re Tα with
respect to the Ka¨hler potential, and a two-form Bα dual to Im Tα [89, 90]. This can be
done if Im Tα possesses a shift symmetry (3.6). Then, as in 6D in (2.10), the field-strength
of Bα is given by
Hα3 = dB
α
2 +
1
2
aαwCS(R) + 2
bαA
λA
wACS(F ) , (3.26)
For small Lα one can then expand the metric G˜αβ for L
α and Hα3 as
G˜αβ ∝ καβγL
γ + . . . , (3.27)
which is the analogue to (2.23) in the 6D action. At large volume the 4D couplings then
contain the triple intersections καβγ with the third index contracted with L
α. It remains
to be shown how much of this structure survives quantum corrections. In particular, away
from the large-volume limit where Lα can be large, the structure (3.27) is not expected to
be preserved. Nonetheless, in the large-volume limit the triple intersection coefficients are
contained in the leading order term in the expansion (3.27).
We have thus outlined a way in which much of the topological structure of the F-
theory base B3 and fourfold X can be identified from the 4D supergravity action, at least
in the large-volume limit where the spectrum remains light and corrections are small. We
have identified the Hodge numbers, canonical class, and intersection form of the F-theory
base. From Wall’s theorem [91], the homotopy type of a compact complex 3-manifold
can be identified from the Hodge numbers, triple intersection form, and first Pontryagin
class p1(B3). In principle, information about p1 will be contained in higher-order terms in
the string action. In particular, at weak string coupling one can use the higher-curvature
corrections in the D7-brane Chern-Simons action to find couplings of the axiodilaton to
the p1 restricted to the branes. A more complete understanding of the allowed couplings
away from special limits in the F-theory complex structure field space might thus yield
the desired information. In principle then, enough data to reconstruct the topology of
the F-theory compactification space is contained in the structure of the 4D supergravity
theory at large volume. While providing additional information, the couplings of additional
axions can also complicate the reconstuction of the geometry. To reconstruct the topology
of the F-theory base it is necessary to know which axions correspond to the complex
structure moduli. While in some cases this is clear in the large-volume limit, in general
this may require further information. Knowing the topology of the F-theory base is also not
sufficient to completely determine the geometry. It is also necessary to know the complex
structure on the base to fully identify the theory. As in 6D, the quantum spectrum of
supersymmetric charged string solitons encodes the Mori cone of the threefold base in a
4D compactification; this is discussed further in Section 4.2.4. In the specific examples we
discuss below for heterotic/F-theory duality, the data given in the 4D theory, coupled with
an identification of axions, is sufficient to uniquely determine the F-theory geometry.
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3.3 4D F-theory examples with P1 fibered base
We now discuss a general class of examples of F-theory compactifications, where the base B3
of the Calabi-Yau fourfold is a P1 fibration over some complex surface B2. This is the class
of 4D F-theory models that admit a duality to heterotic compactifications [92, 93, 94, 95].
We describe the general topological structure of these fibrations in section 3.3.1, and discuss
explicit examples with B2 = P
2 in section 3.3.2. Duality to the heterotic string is described
in Section 3.4
3.3.1 On the geometry of general P1 fibrations
We begin by reviewing some generalities regarding P1 fibered bases B3, following [92, 95].
We consider P1 fibrations with a section Σ. Such fibrations can be characterized by two
two-forms r, t that are obtained as follows. First, consider the sum O ⊕ L of two complex
line bundles O and L. The base B3 is the projectivization of this vector bundle, i.e. B3 =
P(O ⊕ L). There are two distinguished two-forms r, t on B3, which are given by the first
Chern classes
r = c1(O(1)) = [Σ] , t = c1(L) . (3.28)
Here O(1) is a line bundle on B3 that restricts to the typical line bundle of each P
1 fiber
of B3, and r restricts to the P
1 hyperplane class. The classes r, t satisfy
r(r + t) = 0 . (3.29)
In the evaluation of the low-energy couplings we need the characterisic classes 7
c1(B3) = c1(B2) + (2r + t) , (3.30)
c2(B3) = c2(B2) + c1(B2)(2r + t) ,
as can be shown by using the adjuction formulas.
In order to perform the F-theory reduction we introduce the basis of two-forms ωα =
(ωf , ωi) on B3, and expand C4 = B
α
2 ∧ ωα. The four-dimensional two-forms B
α
2 are dual
to the axions ρα. The internal two-forms ωi are pulled back from two-forms of B2. In
summary we introduce the basis
ωf = r +
t
2
, ωi . (3.31)
Using (3.29) one infers the triple intersections
κijk = 0 , κfij = κij , κffi = 0 , κfff =
1
4t
itjκij . (3.32)
with intersection form κij =
∫
B2
ωi ∧ ωj, and t
i appearing in the expansion t = tiωi. This
is the higher-dimensional analog of (2.24), (2.25). In this basis we use (3.30) to determine
the vector Kα as
(aαF ) ≡ (K
α) = (−2,Ki) , (3.33)
7Note that
∫
B3
c1(B3)c2(B3) = 2
∫
B2
c1(B2)c2(B2) = 24, by using the fact that χ0(B3) = 1.
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whereKi are the coefficients of the canonical class of B2 in the basis ωi. In general, 7-branes
carrying gauge groups can be wrapped on an arbitrary effective irreducible four-cycle in
B3 with Poincare´-dual class
[S] = pωf +
∑
i
qiωi, (3.34)
similar to the 6D case (2.27).
3.3.2 Examples: P1 fibrations over P2
A simple example for P1 fibered base spaces are threefolds that are described by P1 bundles
over B2 = P
2. These manifolds, which we denote by F˜k are close relatives of the Hirzebruch
surfaces Fm. They are studied in the physics context, for example, in [88, 109, 96]. These
models have a simple toric description8, but can be equally specified using the construction
of section 3.3.1. We denote by H the hyperplane class of the two-fold base P2 pulled back
to B3, and Σ the class of a section corresponding to r. Furthermore, we identify t specifying
the P1 bundle as
t = k[H] . (3.35)
Clearly, using (3.30) and the fact that c1(P
2) = 3[H] and c2(P
2) = 3[H]2 we find
c1(F˜k) = 2[Σ] + (3 + k)[H] , c2(F˜k) = 6[Σ ·H] + (3 + 3k)[H]
2 . (3.36)
The triple intersections are simply given by
ΣH2 = 1, H3 = 0, Σ2H = −k, Σ3 = k2, (3.37)
The first condition is inherited from the base B2 = P
2, while the second corresponds to
the fact that three elements of the base cannot intersect for a fibration. The last two are a
trivial consequence of the general fact that r(r+ t) = 0 for F˜k implies that Σ
2 = −kΣ ·H.
The threefolds F˜k, k = 0, 1, 2, 3 are bases for generic elliptically fibered Weierstrass
models without codimension one singularities that would impose a gauge group on the 4D
theory. For higher values of k, the divisor Σ is rigid and f , g and ∆ must vanish to a
degree that mandates the appearance of a nonabelian gauge group over that divisor. For
example, F˜4 carries a minimal gauge group SU(2), and F˜18 carries an E8 over Σ. F˜k cannot
be a good F-theory base for k > 18 [96]. F-theory compactifications on the threefolds F˜k
can be dual to heterotic compactifications on Calabi-Yau threefolds that are elliptically
fibered over P2. We can use the analysis of Section 3.2.1 to read off which divisor classes
in F˜k must support the gauge group, and hence identify which of the surfaces F˜k is needed
for the F-theory dual from knowledge of the bundle structure on the heterotic side. We
discuss the 4D heterotic models next.
8The toric 1D cones for F˜k are generated by e1, e2, e3, −e3 and −e1 − e2 − k e3, where ei are the unit
vectors of R3.
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3.4 Four-dimensional heterotic models and heterotic/F-theory duality
The Green-Schwarz two-form–curvature squared terms in 6D theories of the formBF 2, BR2
provide an illuminating connection between heterotic and F-theory models, as discussed
in section 2.4. A similar relationship holds in four dimensions, which we describe in this
section. The relationship between 4D heterotic and F-theory compactifications was studied
in detail in the seminal work by Friedman, Morgan, and Witten [92]. They showed that
many heterotic bundles admit a “stable degeneration limit” in which duality to F-theory
can be clearly understood. This work, and subsequent developments following [94] have led
to an extensive study of this duality; for a review of some of this work see [95]. As in the
6D heterotic/F-theory duality, the 4D duality relates the heterotic theory on a Calabi-Yau
manifold that is elliptically fibered over a base B2 to an F-theory model on a P
1 fibration
over B2. Friedman, Morgan, and Witten relate the bundle structure on the heterotic side
to the twisting of the P1 fibration on the F-theory side for E8 × E8 heterotic theory. We
find here that this identification of bundle structure with twisting follows naturally from
the structure of the axion–curvature-squared terms in the 4D action, and that in many
cases the F-theory geometry dual to a given heterotic model is uniquely determined by the
structure of these terms. The locus of the 7-branes carrying the gauge group action on
the F-theory side is also uniquely determined by the axion–curvature-squared terms arising
from a given bundle structure on the heterotic side. These considerations are independent
of the type of bundle construction, and give a topological picture of heterotic/F-theory
duality that is valid for the SO(32) theory as well as for the E8 × E8 theory.
As described in Section 2.2.2, for a 6D F-theory compactification the coefficients of the
BR2 term are components of a vector in the string charge lattice characterizing the canoni-
cal class of the F-theory base, while the coefficients of the BF 2 term characterize the divisor
class on which the 7-branes giving each nonabelian gauge group factor are wrapped. The
corresponding coefficients can be computed directly in the heterotic theory, as described in
Section 2.4, by reduction of the 10D H2 and Green-Schwarz terms. For any 6D supergrav-
ity that has dual descriptions in terms of heterotic and F-theory compactifications, this
correspondence in the 6D Green-Schwarz terms provides a direct topological description of
the duality. In particular, given any heterotic compactification with an F-theory dual, by
computing the 6D Green-Schwarz terms we can read off the canonical class of the F-theory
base and the divisor classes on which the 7-branes are wrapped in the dual F-theory model.
Essentially the same story holds in four dimensions.
In this section we compute the axion–curvature squared terms of the form ρR2 and
ρF 2 for a general heterotic compactification on an elliptically fibered threefold with section.
This not only serves as a check on the structure of these terms as described for F-theory
models, but also provides a direct means for identifying the structure of the dual F-theory
model. In Section 3.4.1 we describe the general class of heterotic models and compute
the axion–curvature-squared terms in this general context. Section 3.4.2 describes some
explicit examples of this approach to understanding heterotic/F-theory duality.
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3.4.1 General heterotic models with F-theory duals
We consider a general 4D N = 1 supergravity model that has both a weakly coupled
large-volume heterotic description and a large-volume F-theory description in appropriate
regimes. On the heterotic side, the 10D SO(32) or E8×E8 heterotic theory is compactified
on a Calabi-Yau threefold Z3 that has the form of an elliptic fibration over a base manifold
B2 that is a complex surface. We assume that the elliptic fibration has one (but not more
than one) section, so that h1,1(Z3) = h
1,1(B2) + 1. On the F-theory side, the compactifica-
tion manifold is an elliptic fibration over a complex threefold B3 that is a P
1 fibration over
B2.
The axions on the heterotic side consist of an axion χ0 arising from wrapping the
10D six-form Bˆ6 (dual to the two-form Bˆ) on the compactification space Z3, and h
1,1(Z3)
axions χI = (χi, χf ) from wrapping the 10D two-form Bˆ on the two-cycles of Z3. One thus
expands
Bˆ = b2 + χ
IωI = b2 + χfωB +
∑
i
χiωi , (3.38)
where ωB is the two-form Poincare´ dual to the base B2 of Z3, and ωi are dual to the
two-cycles in H2(B2). The four-dimensional two-form b2 is dual to χ0. We can now follow
essentially the same analysis as in Section 2.4 to determine the 4D axion–curvature squared
couplings from this compactification.
Before doing that, first note that the global consistency conditions arising from the
Bianchi identity (2.29) now split into h1,1(Z3) conditions
cI − λI = 0 , (3.39)
where we have defined
cI =
∫
Z3
ωI ∧ trR
2 =
∫
Z3
ωI ∧ c2(Z3) , λI =
2
λ
∫
Z3
ωI ∧ TrF
2 , (3.40)
with λ = 2 for SO(32), and λ = 60 for E8 × E8 as above. For an elliptically fibered
threefold Z3 we can determine cI more explicitly, by using [92]
c2(Z3) = 11c1(B2)
2 + c2(B2) + 12c1(B2) ∧ ωB , (3.41)
which gives c2(Z3) in terms of classes of B2, and we have suppressed the pullback to Z3.
Evaluated on a basis one finds
ci = −12κijK
j , (3.42)
cf =
∫
B2
c2(Z3) =
∫
B2
c2(B2)− c1(B2)
2 = −8 + 2h1,1(B2) ,
where κij is the intersection form of the ωi on B2, and K is again the canonical class of the
base B2.
We can now determine the four-dimensional couplings of the axions. The coupling of
χ0 to F
2 and R2 comes from the kinetic term of Hˆ in ten dimensions by using ∗Hˆ = Hˆ7.
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It is given by
χ0
(
trR2 −
2
λ
trF 2
)
. (3.43)
We can then analyze the contributions from Bˆ ∧ Xˆ8 separately in the SO(32) and E8×E8
theories as in six dimensions; the algebra follows in a practically identical fashion in both
cases to the six-dimensional analysis.
For the SO(32) theory, the couplings are
S
(4)
SO(32) =
1
2
∫ (
χ0 +
1
24
χIcI
)
trR2 −
(
χ0 −
1
12
χIcI
)
trF 2 (3.44)
=
1
2
∫ (
χ0 −
1
2
χiκijK
j +
1
24
χfcf
)
trR2
−
(
χ0 + χ
iκijK
j −
1
12
χfcf
)
trF 2 .
In order to determine the vectors a and b we compare (3.44) with the general form (3.19).
We first define
χ˜0 = 8χ0 , χ˜i = 8κijχ
j , χ˜f = 8χf . (3.45)
In the basis (χ˜0, χ˜i, χ˜f ) we read off, using λ = 2 for SO(32), vectors
9
a =
(
− 2,Ki,− 112cf
)
, b =
(
1,Ki,− 112cf
)
, (3.46)
with cf = −8 + 2h
1,1(B2) as shown in (3.42).
Let us now turn to the discussion of the E8×E8 theory. In this case we have to specify
two bundles V1 ⊕ V2. We introduce the general split of the curvature four-forms
1
30
trF2i = ηi ∧ ωB + ζi , (3.47)
where ηi is a two-form, and ζi is a four-form inherited from B2. The Bianchi identity (2.29)
implies in cohomology
trF21 + trF
2
2 = 30 trR
2 . (3.48)
Using the second Chern class of Z3 as given in (3.41) we have
η1 + η2 = 12c1(B2) , (3.49)
ζ1 + ζ2 = 11c1(B2)
2 + c2(B2) ≡ C2 . (3.50)
To satisfy these two conditions we can make the general Ansatz
η1 = 6c1(B2) + t˜ , η2 = 6c1(B2)− t˜ , (3.51)
ζ1 =
1
2C2 +Φ , ζ2 =
1
2C2 − Φ .
where t˜,Φ are a two-form and a four-form inherited from B2.
9Note that we can formally obtain the 6D result (2.38) for a twofold base by setting KP1 = −2 and
dropping the last entry in (3.46).
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For the E8 × E8 theory, the couplings are
S
(4)
E8
=
1
2
∫ (
χ0 +
1
24χ
IcI
)
trR2 −
(
χ0 −
1
12χ
I c˜I
)
trF 21 −
(
χ0 +
1
12χ
I c˜I
)
trF 22 , (3.52)
where we can treat the vector of axions χI = (χi, χf ). In this expression we have defined
c˜I =
∫
Z3
ωI ∧ (t˜ ∧ ωB +Φ) = (−1)
i
∫
Z3
ωI ∧
(
1
2trR
2 − 130trFi
)
. (3.53)
where i = 1, 2, and the second identity is a trivial consequence of (3.47), (3.49) and (3.51).
We can evaluate c˜I for the basis ωi, ωB to find
c˜i = κij t˜
j , c˜f =
∫
B2
Φ− t˜2 . (3.54)
Using these expressions and comparing (3.52) with the general action (3.19) and λ = 60,
we find in the basis (χ˜0, χ˜i, χ˜f ) defined in (3.45) the vectors
a =
(
− 2,Ki,− 112cf
)
,
b1 =
(
1,−12 t˜
i,− 112 c˜f
)
b2 =
(
1, 12 t˜
i, 112 c˜f
) (3.55)
From the results (3.44) and (3.52) we can directly read off topological information
about the dual F-theory model. The F-theory axions ρ0, ρα must be related to the heterotic
axions through
ρ0 ↔ χ˜f (3.56)
ρb ↔ χ˜0 (3.57)
ρi ↔ χ˜i , (3.58)
where ρ0 is the F-theory axion from the 10D IIB axiodilaton, ρb comes from C4 integrated
over the base B2, and ρi come from C4 integrated over four-cycles in B3 obtained from
curves in B2. Comparing the expressions for the vector a from (3.55) and (3.46) to (3.33)
we see that this identification of axions gives a clear match between the canonical class of
the bases B2 used in the heterotic and F-theory constructions.
Considering the axion–F ∧ F terms, comparing the vectors b from (3.55) and (3.46)
to (3.34) we can directly read off the divisor classes on which the 7-branes supporting the
gauge group factors are wrapped on the F-theory side from the information about the
heterotic bundle, just as in 6D. From the χ0 terms we see that every brane wraps the
base cycle Σ on the F-theory side precisely once, again as in the 6D story. While many
F-theory models could be constructed on B3 with gauge groups wrapping other cycles that
do not wrap the base once, these models will have no perturbative heterotic dual and
require the introduction of heterotic five-branes. For the SO(32) theory the brane also
wraps the classes on the base with twice the multiplicity of the canonical divisor K. For
E8×E8 theories, the divisor classes on which the branes giving the gauge group factors are
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wrapped depends upon the class of the difference t˜ appearing in the splitting of the bundle
into two components. The fact that these divisors must be effective and irreducible places
constraints on the line bundle t describing the P1 bundle over B2. This leads naturally to
the identification
ti ↔ t˜i , (3.59)
corresponding to the association between the heterotic bundle and F-theory P1 fibration
found in [92]. In some situations this identification is the unique possibility that satisfies
the constraint on the divisor classes carrying the gauge group factors. We give below a
simple class of examples where this identification is uniquely determined, in analogy with
the 6D heterotic/F-theory duality story.
It is interesting to note that with the identification (3.59) and the heterotic axion–
curvature-squared terms (3.46), the heterotic SO(32) theory is always dual to F-theory on
the same space that carries the dual to the E8×E8 theory where the decomposition (3.51)
is
η1 = 8c1(B2), η2 = 4c1(B2) . (3.60)
This matches nicely with the observation that on the F-theory side, in the weak coupling
orientifold limit described by Sen [71, 72], the O7-planes carry precisely 1/3 of the total
Kodaira bound of −12K. Thus the orientifold limit fits naturally with the SO(32) heterotic
string, as also suggested by the gauge groups and representations that appear in that limit.
Note that the analysis here does not depend upon knowing anything about the con-
struction of the specific bundles on the heterotic side, only on the decomposition of the
bundle in a way that satisfies the Bianchi identity. Various constructions of bundles are
known for the heterotic theory, including spectral cover [92, 93, 94, 97, 95] and monad [98]
(see e.g. [99] and references therein for a recent overview) constructions. The topologi-
cal information about the duality found here should be valid and agree with all of these
constructions in the appropriate limits.
Finally, we turn to the terms of the form χf tr R
2, χf tr F
2 in the heterotic picture.
These correspond to couplings proportional to ρ0 in the F-theory picture. As discussed
earlier, we do not have a way to directly compute these couplings in F-theory. Heterotic/F-
theory duality gives us the answer for this computation in the weak-coupling large-volume
heterotic limit. We leave as an open problem the connection of this result to a more general
computation in the F-theory context.
3.4.2 Heterotic/F-theory duality: examples
We conclude the heterotic/F-theory discussion with a brief description of how the general
duality dictionary described above applies for the examples F˜k introduced in section 3.3.2,
and make some general statements about a broader class of examples.
We begin with the E8×E8 heterotic string on a Calabi-Yau that is elliptically fibered
over B2 = P
2. From (3.49) the total instanton number is 36, so we distribute the instantons
18 ±m to the two bundles, with t˜ = m[H]. The F-theory dual will have a base B3 that
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is a P1 fibration over P2, and thus is the threefold F˜k, with t = k[H]/2. This matches
with the results of [96]. From (3.55) we see that the divisors carrying the gauge group in
the F-theory picture are Σ + (k/2 ± m/2)H. These are only irreducible effective divisor
classes if k = m. Thus, the topological heterotic/F-theory determined by the vectors a, b
controlling the axion-curvature squared terms uniquely determines the F-theory manifold
and gauge brane divisor classes for any given topological class of bundle on the heterotic
side.
A similar story holds for the SO(32) theory as in the E8 × E8 case and as in 6D. For
SO(32), from (3.46) the contribution of b in the base is −3 since K = −3H, so we see that
the branes on the F-theory side are wrapped on Σ + (k/2 − 3)H. It follows that the P1
bundle on the F-theory side is always F˜6, matching with the fact that the unbroken gauge
group on this base is generically SO(8).
A much broader class of examples of 4D heterotic/F-theory duality can be found in
the recently produced list of 61,539 toric bases B2 that can be used for an elliptic fibration
with section of a Calabi-Yau threefold [18]. In principle, any of these spaces can be used to
construct an elliptically fibered threefold, and the dual F-theory model will be on a base
B3 that is a P
1 fibration over B2. The simplest case to consider is one where the heterotic
theory is an E8 × E8 theory with the bundle evenly split, so t˜ = 0. This will be dual to
an F-theory model on the trivial bundle P1 × B2. In general, the toric bases in this list
have many “non-Higgsable clusters” [17] giving rise to multiple copies of gauge groups such
as E8 and F4 with no charged matter. These should correspond on the heterotic side to
singular Calabi-Yau geometries, where enhanced gauge groups appear at the singular loci.
Understanding the heterotic moduli that may smooth these singularities on the F-theory
side, where fluxes may be involved, is an interesting direction for further work.
4. Geometrical constraints in 6D and 4D
Not all classical supergravity theories can be realized in F-theory. The geometric structure
of F-theory places specific constraints on the spectrum and action of supergravity theo-
ries that admit an F-theory construction. In six dimensions, some geometrical F-theory
constraints correspond to anomaly cancellation conditions or other known consistency con-
ditions for a quantum low-energy supergravity theory. In other cases, it is not known
whether the geometrical constraints from F-theory are necessary for consistency of any
quantum 6D supergravity theory. In this section we review the structure of these con-
straints in 6D and describe related constraints on F-theory models in four dimensions.
Some constraints on 4D supergravity theories arising from F-theory are closely analogous
to 6D F-theory constraints that can be understood in terms of anomalies in 6D. In 4D,
however, these constraints cannot be understood from gravitational anomaly cancellation
or other known consistency conditions. Other constraints in 4D are analogous to the F-
theory constraints on 6D theories for which there is as yet no macroscopic explanation in
terms of consistency of supergravity theories; these constraints also lack macroscopic 4D
interpretations. In general, the constraints that we find on 4D theories can only be clearly
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formulated in the large-volume F-theory limit where the lifted moduli of the theory are
still light. Unlike N = 1 theories in six dimensions that have 8 supercharges and are quite
constrained, N = 1 theories in four dimensions with only 4 supercharges are relatively
unconstrained. Away from the large-volume F-theory limit the fields become massive and
couplings mix, and it is difficult to identify global constraints. Nonetheless, the F-theory
constraints we describe here may provide a useful window on some aspects of the general
structure of 4D N = 1 string vacua.
We begin in Section 4.1 with a description of the constraints provided by geometry for
6D F-theory compactifications. We then describe the analogous 4D structures in Section
4.2 and discuss the nature and range of validity of the 4D constraints. The underlying
geometric formulae we use here are not new; in particular, the connection between the
Euler character of an elliptically fibered Calabi-Yau manifold and the geometry of the
base manifold was described in detail in [88, 97]. The emphasis here, however, is on
framing these geometric relations in terms of the spectrum and terms in the action of the
low-energy supergravity theory, where they become constraints on theories admitting an
F-theory realization.
4.1 Geometrical constraints on 6D effective supergravity theories
In Section 2 we described the correspondence between data in the spectrum and action of a
6D supergravity theory and topological aspects of the F-theory compactification geometry
giving rise to the 6D supergravity theory. We now turn to the question of what constraints
are imposed by F-theory on this 6D supergravity data.
We focus here on constraints for the restricted class of theories that contain no charged
matter fields, since these are the simplest constraints to understand geometrically. This
restriction still gives us insight into a wide range of F-theory compactification spaces, since
for many (but not all) 6D supergravity theories, all matter fields can be Higgsed so that
the generic model over the given base has no charged matter [17, 18]. There is also a
deep relationship for 6D theories between F-theory geometry and anomaly constraints on
theories with charged matter [5, 9, 7, 15, 11]. While this structure is substantially richer
than for theories without matter, the description of matter in four dimensions makes the 4D
analogue of these constraints more complicated, and we do not attempt to systematically
understand constraints on 4D theories with matter in this paper.
4.1.1 Constraints on theories without gauge groups
Let us start by considering 6D theories with no gauge group (or where the gauge group
has been completely Higgsed). In this case the number of vector fields vanishes, V = 0,
and there are no vectors bA appearing in the action. As shown in [17], these theories have
T ≤ 9, and correspond to F-theory compactifications on base surfaces that are generalized
del Pezzo surfaces, containing no effective irreducible curves of self-intersection −3 or less.
There are two constraints that are imposed by F-theory on the numbers of scalar and
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tensor fields H,T in the spectrum and the gravitational Chern-Simons vector a
a · a = 9− T (4.1)
273 = 29T +H (4.2)
These constraints are also quantum consistency conditions for the supergravity theory
based on gravitational anomaly cancellation. Thus, in this case the F-theory constraints
correspond to known consistency conditions on the low-energy theory. As we will see, F-
theory imposes an analogous constraint on 4D theories, though in that case the constraint
is on light rather than massless fields and is only clearly formulated in the large-volume
F-theory limit. There is no known anomaly condition in the low-energy theory associated
with the corresponding 4D constraint.
Derivation of constraints from F-theory
For completeness, and for comparison with the analogous 4D story, we now review
explicitly how the constraints (4.1), (4.2) follow from the geometry of F-theory. Related
arguments appear in [3, 100, 9, 11, 101]. In terms of the F-theory geometry, using the
correspondences (2.4) and (2.16), (4.1) is the condition
K ·K = 10− h1,1(B) . (4.3)
This can be proven geometrically as follows: The holomorphic Euler characteristic of the
base is [102]
χ0(B) =
1
12
∫
B
(c21 + c2) (4.4)
where ci are the Chern classes of B. The left-hand side of (4.4) is just χ0(B) = 1 since
h0,0 = 1, h0,i = 0, i > 0. Hence, 12 =
∫
c21 + χ(B), where
χ(B) =
∫
B
c2 =
∑
i
(−1)ibi = 2 + h1,1 , (4.5)
with bi the Betti numbers of B. It follows that 10− h1,1(B) =
∫
c21 = K ·K.
Now consider the constraint (4.2). In the absence of a nonabelian gauge group, the F-
theory compactification is described by a smooth Calabi-Yau threefold X with an elliptic
fibration over the base B. In order to completely specify X one has to give the global
properties of the elliptic fiber. The number of massless U(1)’s in the 6D theory is given by
nU(1) = h
1,1(X) − h1,1(B)− 1 , (4.6)
which coincides with the rank r given in (2.5). The number nU(1) can be also determined
by counting the number of sections of the elliptic fibration (Mordell-Weil group). With
no abelian gauge group, nU(1) = 0, and r = 0 in (2.5). For spaces with nU(1) = 0, there
is a Weierstrass model of the form (2.2), and the Euler character of X is related to the
topology of the base by [88]
χ(X) = −60
∫
B
c1(B)
2 = −60ΩαβK
αKβ = 2(T −H + 3) , (4.7)
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where we have used (2.7), and all hypermultiplets are neutral. Combining this with (4.1),
we have
30(9 − T ) = H − T − 3 ⇒ 273 = H + 29T , (4.8)
and we have shown that the constraint (4.2) follows from F-theory geometry.
Transitions between F-theory bases
Before including nonabelian gauge groups in the discussion, we now briefly discuss the
transitions among vacua with different numbers of tensor multiplets. All F-theory bases
for 6D supergravity theories are connected through transitions associated with blowing
down −1 curves until a minimal model surface is reached [103, 18]. The constraints (4.1)
and (4.2) must hold globally on the space of theories without gauge groups and can be
characterized by their invariance under transitions that preserve this property.
As is well known [12, 3], the tensionless string transitions in 6D theories associated
with blowing down curves to points in the base B produce a change in field content of the
6D theory where a tensor field is exchanged for 29 scalar fields. From the 6D supergravity
point of view, the number of fields replacing the tensor multiplet must be 29 to satisfy the
anomaly condition (2.1). There are also several ways in which this change in field content
can be understood from the F-theory geometry. Starting from the Weierstrass model on
the blown-down base it can be seen that 29 scalars corresponding to Weierstrass coefficients
must be tuned to blow up a point in the base [66]. Equivalently, using the expression (4.7)
for the Euler character of X one can infer this change from purely geometric arguments.
To extract the change in the Hodge numbers using (4.7) we continue to restrict to the
case of having no nonabelian gauge symmetries and no massless U(1)’s. We consider a
modification of the base B by blowing up a generic point into an exceptional curve E in a
new base B′, denoting the blow-down map by
pi : B′ → B (4.9)
The first Chern class changes according to
c1(B
′) = pi∗c1(B)− [E] . (4.10)
Using the fact that [E] ∧ pi∗[c1(B)] = 0, as well as E
2 = −1 we have
χ(X ′) = χ(X)− 60 . (4.11)
Since one new Ka¨hler class is gained in the blow-up, we infer using χ = 2(h1,1 − h2,1) that
29 elements of h2,1 are lost. This implies by (2.4) and (2.6) that the spectrum changes as
∆T = 1 , ∆Hneutral = −29 , (4.12)
Hence, in the blow-up transition one tensor multiplet is added to the spectrum, while 29
neutral hypermultiplets are lost.
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From the point of view of the complete Calabi-Yau threefold, this transition corre-
sponds to blowing up a singular point into a del Pezzo 8 surface. After performing a flop
transition this becomes a del Pezzo 9 (half K3), which is an elliptic fibration over the
exceptional curve E = P1 in B′ [3].
4.1.2 Constraints on theories without charged matter
We now generalize the discussion further and allow for nonabelian gauge groups in the 6D
effective theory. This leads us to consider a broader class of F-theory compactifications on
singular elliptic fibrations. We continue to restrict attention to models without charged
matter fields, as discussed above.
We state briefly some additional constraints that arise from F-theory geometry for
6D theories without matter. For theories with nonabelian gauge groups, these constraints
involve the vectors bA associated with each gauge group factor, and the total number of
vector multiplets V =
∑
A dimGA . In theories without charged matter there are no abelian
gauge group factors. The constraints from F-theory geometry are
(−12a− νAbA) · bA = 0 (4.13)
bA · bB = 0, A 6= B (4.14)
29T − 273 = V −H (4.15)
Like the constraints (4.1) and (4.2), these F-theory constraints can be understood in the
supergravity theory from anomaly cancellation; similar constraints in four dimensions,
however, have no analogous understanding in terms of the low-energy theory.
We now briefly describe the constraints just listed from the point of view of F-theory
geometry. We begin with (4.13), (4.14). Matter fields in F-theory arise either from codi-
mension two singularities in the discriminant locus or from higher genus topology of divisor
classes SA. Codimension 2 singularities can either occur when different components of the
discriminant locus intersect, or when a single component acquires a singularity. For a non-
abelian gauge group factor GA that carries no charged matter, it must be the case that
the corresponding divisor class SA has no intersection with the rest of the discriminant
locus ∆− νASA. (4.13) and (4.14) are simply the conditions in the 6D supergravity theory
that the divisor carrying a gauge group GA in the F-theory picture have no intersection
either with the remainder of the discriminant locus or with any other particular divisor
carrying a gauge group. Note that (4.14) is both necessary and sufficient for the absence
of charged matter under a given pair of gauge group factors GA, GB , while (4.13) is a nec-
essary but not sufficient condition for the absence of matter charged under a single gauge
group factor GA. Matter charged under a single gauge group may appear for example as
adjoint matter when SA is a higher-genus surface, or from singularities within SA itself, as
studied in [5, 15]. From the point of view of the low-energy theory, the relations (4.13) and
(4.14) are apparently nontrivial constraints on the topological terms (2.14) appearing in
the action, although as mentioned above they follow from anomaly cancellation conditions
in six dimensions.
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Now we consider the constraint (4.15), for which we consider a 4D analogue in Section 4.
In the F-theory picture any gauge group factor that carries no charged matter is associated
with a codimension one singularity on a divisor with topology P1. (Gauge groups on divisors
with higher genus topology always carry adjoint or equivalent matter.) We can use this
fact to generalize the argument in the previous subsection for the F-theory constraint
associated with the Euler character. The correction to the Euler character of the total
resolved Calabi-Yau space X when multiple gauge group factors GA arise on codimension
one loci SA in the base surface B gives [88]
χ(Xˆ) = −60
∫
B
c21(B)−
∑
A
rGAcGA(2− 2gA) , (4.16)
where rGA , cGA , gA are the rank and dual Coxeter number of GA, and gA is the genus of
SA. Since as noted above, SA is a genus 0 curve when there is no matter charged under
GA, and cGArGA = dimGA − rGA , the modification of the Euler character is just twice the
difference between the rank and the dimension of G. The Euler character is then
χ(X) = 60T − 540 + 2
∑
A
(rGA − dimGA) (4.17)
where we have used (4.7) for the unmodified
∫
c21 in (4.16). Comparing (4.17) with the
general expression (2.7) one finds
29T − 273 =
∑
A
dimGA −H , (4.18)
thus producing from the F-theory geometry the constraint (4.15), equivalent to the anomaly
constraint (2.1) for a theory with no charged matter fields.
Clearly, one can also perform the geometric transitions discussed in (4.9) in an F-theory
configuration with divisors carrying nonabelian gauge groups. Using (4.16) and (4.10), the
change in the spectrum is identical to (4.12) as long as the point blown up does not live
in a divisor carrying a gauge group factor. When the blown-up point lives on a divisor
carrying a gauge group factor, the gauge group generally changes, but this always occurs
in a fashion compatible with (4.18)
4.1.3 Sign constraints and the Kodaira condition
In addition to the constraints on the spectrum that we have already discussed, F-theory
imposes a set of positivity conditions on the vectors a and bA
j · (−a) > 0 (4.19)
j · b > 0 (4.20)
j · (−12a−
∑
A
νAbA) > 0 . (4.21)
The geometric statement of these conditions in F-theory is that the anti-canonical class
−K, all divisors SA carrying gauge group factors, and the residual divisor locus Y defined
through (2.3) are all effective divisors.
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The condition (4.20) has a simple interpretation in terms of the 6D supergravity theory;
it states that the kinetic term F ∧∗F for each gauge group factor has the proper sign [59].
The other two conditions do not have known interpretations in terms of the low-energy
theory. The condition (4.19) states that the quadratic term in the curvature of the form
R ∧ ∗R must have a specific sign. As discussed in [7], this condition may follow from
causality, following an argument analogous to that of [104]. We discuss the analogous 4D
constraint in the following section.
The Kodaira condition (2.3) from which constraint (4.21) follows is of crucial im-
portance in F-theory compactifications. The Kodaira condition expresses the geometric
condition that the total space X is Calabi-Yau and hence preserves supersymmetry in
the dimensionally reduced theory. In the weak coupling limit this condition simply corre-
sponds to the well-known fact that the 7-brane tadpoles have to globally cancel. Written
in cohomology (2.3) can be evaluated on a basis and amounts to
−12Kα −
∑
A
νAC
α
A − Y
α = 0 . (4.22)
The geometric condition that the residual divisor locus Y be effective corresponds to the
constraint (4.21). It would be very interesting to achieve some understanding of this
constraint from the point of view of the supergravity theory. In particular, this inequality
plays a key role in bounding the set of possible F-theory compactifications when the number
of tensors T becomes large [7]; understanding this constraint as a consistency condition
on low-energy theories would be one of the final steps needed in matching low-energy
consistency conditions to consistency conditions from string theory for 6D theories [105].
4.1.4 Lattice structure for dyonic string charges
As discussed earlier, in any supergravity theory arising from an F-theory compactification,
the lattice of dyonic string charges takes the form Γ = H2(B,Z). By Poincare´ duality
this lattice is self-dual/unimodular. Thus, F-theory imposes the constraint that the dyonic
string charge lattice is unimodular. It was shown in [10] that this condition is also neces-
sary for any consistent 6D supergravity theory. Thus, this is an example of a consistency
condition arising from F-theory that is also a quantum consistency constraint, where the
understanding of the F-theory picture motivated the identification of the macroscopic con-
sistency condition. It may be that other F-theory constraints will eventually be understood
in this fashion from low-energy/macroscopic considerations.
To understand the corresponding structure arising in four dimensions, it may be helpful
to review the nature of the inner product structure on the lattice Γ. In the F-theory picture
this is just the intersection form on H2(B,Z). From the point of view of the supergravity
theory, the elements x ∈ Γ are charges for dyonic strings that couple to the self-dual and
anti-self-dual two-forms Bα. The inner product x·y of the charges between two such dyonic
strings must be an integer by the generalization of the Dirac quantization condition to six
dimensions [106].
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4.2 Geometrical constraints from F-theory on 4D supergravity theories
In this section we investigate various simple constraints that the geometry of F-theory
imposes on 4D supergravity theories. While in 6D the constraints from F-theory are clear
discrete constraints on massless spectra that are satisfied across all continuous branches
of the moduli space, the constraints from F-theory on 4D theories are more subtle. In
particular, as discussed above, in a general 4D F-theory compactification many of the
continuous geometric moduli are lifted. F-theory constraints on the spectrum become
less clear from the low-energy action when the fields become sufficiently massive that the
F-theory moduli are no longer clearly distinguishable from other massive fields in the
theory. In the discussion here of constraints on 4D supergravity theories, we assume that
we are working in a large volume compactification where fields coming from F-theory
geometry are all light and can be identified in the spectrum. Understanding how these
constraints and other structures extend further into the moduli space beyond the large
volume approximation represents a challenge for future work.
Another significant limitation in treating F-theory constraints on 4D theories is the
absence of a systematic formalism for treating the degrees of freedom on the 7-brane world
volumes in a way that is naturally compatible with Weierstrass models of F-theory. In
particular, while recently there has been progress in understanding certain classes of “G-
flux” configurations in F-theory [28]-[35], and in principle fluxes can be integrated with
F-theory from the point of view of M-theory [27, 33], there is no unified synthesis of gauge
fluxes on 7-branes, or the related adjoint scalars that appear in “T-brane” constructions [36]
with F-theory geometry. This poses an obstacle to a systematic treatment of constraints,
particularly when matter fields are involved. There is a close interplay between fluxes,
geometry and matter in 4D theories; in particular, fluxes can change the matter content on
a 7-brane world volume or at intersections between 7-branes. We focus therefore on simple
constraints from F-theory geometry that do not depend critically on the detailed structure
of matter. A clear direction for further extension of this work would be a more careful
treatment of matter, fluxes, and codimension two and three singularities in 4D F-theory
constructions.
4.2.1 Constraints on theories without gauge groups
We begin our discussion as in 6D, by focusing on effective theories that have no gauge
group. Such theories arise, for example, for generic F-theory Weierstrass models over
Fano threefold bases such as P3 where the geometry does not impose any gauge group
on the theory by requiring vanishing of f, g on any particular divisor locus. In this case,
the associated elliptically fibered Calabi-Yau fourfold has no singularities. Moreover, the
elliptic fibration has just a single section, so that there are no massless U(1) symmetries
rv = 0, and we have r21 = 0. In such situations there is a constraint on the spectrum
analogous to (4.8). The Euler character of the elliptically fibered fourfold X is related to
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the topology of the base B3 by [87, 88]
10
χ(X) = 288 + 360
∫
c31(B3) . (4.23)
Using (3.17) together with rv = 0 this gives the constraint
39− 60καβγK
αKβKγ = 39− 60 〈〈a, a, a〉〉 = Csa + Ccs − C21 , (4.24)
on the numbers of the different types of scalar fields. To streamline equations and to
clarify the analogy to 6D, we use here a shorthand notation for the triple intersection
product of three vectors under καβγ , the intersection form on the base B3 of a 4D F-theory
compactification.
〈〈x, y, z〉〉 ∼= καβγx
αyβzγ . (4.25)
Note that this intersection product is computed using only the components of aα and not
the component a0 related to the axiodilaton. The constraint (4.24) should be satisfied by
any 4D N = 1 supergravity theory arising from an F-theory compactification in a phase
with no unbroken gauge group. A simple consequence of (4.24) depends only upon the
light spectrum of the theory and not upon the details of καβγ or K
α
Csa + Ccs − C21 ≡ 39 (mod 60) . (4.26)
As a simple example of a 4D F-theory model satisfying (4.24), consider a generic
Weierstrass model over the base P3, with Csa = h
1,1(B3) + 1 = 2. In this case, the cubic
coupling of aα is characterized by a single integer
κ = κHHH = 1 . (4.27)
With −K = 4H, in terms of the hyperplane section H, the constraint (4.24) then becomes
39− 60κa3 = 3879 = 2 + Ccs − (C21 + r21) . (4.28)
This is satisfied for a generic F-theory Weierstrass model on P3, which has Ccs = h
3,1(X)−
1 = 3877 scalar degrees of freedom, and C21 = r21 = 0. The quantity h
3,1(X) can
be computed directly for any toric base from the number of monomials in the global
Weierstrass model, minus the number of automorphisms. The number of automorphisms
can be determined from the “polar polytope” [107] (for example see [27, 18]).
As another example of the constraint (4.24), consider the base F˜2. Over this base
there is no gauge group required by vanishing of f, g on any divisor. From the form of
−K = 2Σ + 5F and the triple intersection products given in (3.37), we have
k = 2 : 60〈〈−K,−K,−K〉〉 = 3720, (4.29)
10Note that the base B3 of an elliptically fibered Calabi-Yau fourfold always has 24χ0(B3) =∫
B3
c1(B3)c2(B3) = 24. This follows from the fact that χ0(B3) =
∑
n(−1)
nh0,n(B3) = 1, for a base of
an elliptically fibered Calabi-Yau manifold since h1,0 = h2,0 = h3,0 = 0 for X and B3.
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and, using the fact that for the base F˜2, h
3,1(X) = 3757,
Csa + Ccs − (C21 + r21) = 3 + 3756 − (0 + 0) = 3759 = 39− 60 〈〈a, a, a〉〉 . (4.30)
So (4.24) is again satisfied.
The base F˜3 is an interesting case. While f, g are not required to vanish on Σ in this
case, and there is no gauge group, there is only a one-parameter family of constant functions
for each of f and g that do not vanish on Σ. In parallel with the 6D case, where there is
a −2 curve on F2 associated with a complex degree of freedom that has been tuned and is
not visible in the Weierstrass parameterization [18], there is an extra degree of freedom of
type C21 on F˜3. This combines with Csa = 4357 to give
Csa + Ccs − C21 = 4359 , (4.31)
again matching with (4.24).
The constraint (4.24) is reminiscent of the analogous 6D constraint (4.1) on the num-
ber of scalars arising from the gravitational anomaly, although there is no known pure
gravitational anomaly in four dimensions. As we have emphasized repeatedly, in contrast
to the 6D situation, constraints such as (4.24) and (4.26) are only clearly formulated in the
regime where the geometric moduli of the F-theory compactification are light compared
to other massive fields in the theory, so that the numbers of scalar fields of each type can
be distinguished, and for (4.24) so that the canonical class K and triple intersection form
can be extracted from couplings in the action as discussed in Section 3. To extend these
constraints away from the class of large-volume F-theory compactifications, it would be
necessary to have a definitive way of identifying Ccs, Csa, and C21 from the point of view
of the low-energy theory in a general context, where some of the fields may become very
massive. In the context of general N = 1 supergravity theories, however, it is unclear how
to make sense of these moduli fields. Not only do they mix with other massive fields such
as Kaluza-Klein modes, but they also can in principle mix with one another, so that we
do not have a definitive way of distinguishing the fields C21 from Ccs and Csa away from
the large-volume F-theory limit. These considerations suggest that it may be difficult to
identify clear constraints that are valid for general 4D supergravity theories not associated
with a specific type of string compactification. Nonetheless, if any such global constraint
on N = 1 theories does exist, constraints such as (4.24) that hold in specific contexts such
as F-theory should provide a helpful window and guide to understanding the more general
constraints.
Note that in six dimensions, there are two constraints on the spectrum for theories
without gauge groups; in addition to (4.1), there is a second constraint (4.2). It is natural
to wonder whether there is an analogous second constraint on the spectrum for 4D F-theory
vacua without unbroken gauge groups in four dimensions. We believe that there is no such
second constraint, even if we allow the number r21 to enter the constraint, as suggested by
the structure of geometric transitions discussed below. We briefly outline the argument for
this conclusion. Aside from the spectrum, the only objects available for a constraint are
– 44 –
καβγ and K
α. The only invariant that can be formed is the triple intersection 〈〈K,K,K〉〉.
If there is a second linear constraint then there must be one linear combination that only
contains the numbers C∗, r21 in the spectrum. If there were such a linear constraint on the
spectrum then the existence of a pair of compactifications that differ only in one number in
the spectrum would indicate that that number could not appear in the linear combination.
As we discuss below, there exist such pairs, indicating that Ccs, Csa, r21 cannot be in the
linear combination. Since there are solutions with different values of C21 we conclude that
there cannot be a further linear constraint on the spectrum and triple intersection of K
for 4D theories arising from F-theory compactifications.
Transitions between F-theory threefold bases
Just as in the 6D story, transitions associated with blowing down divisors in a threefold
base connect different branches of the geometric moduli space of elliptically fibered Calabi-
Yau fourfolds that can be used to produce a 4D supergravity theory from F-theory. Such
transitions must respect the F-theory constraints on the supergravity data such as the
spectrum constraint described in the previous section. While in the physics of 4D F-
theory models some geometric moduli are lifted by fluxes and the superpotential, these
geometric moduli still underlie the configuration space of the theory and describe the
off-shell geometry of the theory. It is in this sense of the underlying off-shell geometry
that we can systematically describe transitions between different F-theory geometries as
connecting components of the continuous geometric moduli space, even though the physical
moduli space is more constrained. Extending these off-shell parameters outside the F-
theory framework presents an interesting challenge for developing a deeper understanding
of the theory.
We can use invariance under these transitions as an aid in understanding constraints
on the physical spectrum of the theory. The constraints may also shed light on the physics
of the transitions. For 4D theories, there is a much richer set of transitions than in 6D,
corresponding to different kinds of blow-up and blown-down processes. The network of
transitions for a particularly simple class of (Fano) F-theory bases is explored in [108,
109, 88]. The geometry of threefolds, however, is much more complicated than that of
surfaces. The mathematics of the Mori program is aimed at understanding the connections
between complex varieties for dimensions 3 and higher analogous to minimal surface theory
in complex dimension 2, and classifying the types of singularities that may arise [110]. A
full exploration of the physics associated with this story will be a substantial research
endeavor. Here, we focus on the simplest class of transitions, where a point or a curve in
a smooth base is blown up into a divisor in another smooth base, and where neither base
requires the presence of a gauge group.
Considering the blow-up of a single point in a smooth base we can derive the change
in the N = 1 spectrum by using the formula (4.23). Note that in case of a point blow-up
the exceptional divisor is P2, which we will refer to as E. Using the formulae of appendix
A together with (4.23), the Euler characteristic obtained for an elliptic fibration over the
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new base is
χ(X ′) = χ(X) − 2880 . (4.32)
We can infer the change in the number of chiral multiplets by using this equation. Note
that h1,1(X) increases by one due to the new exceptional divisor E. Since E has no three-
forms the Hodge number h2,1(X) will not change. Hence, from (3.17) the number of chiral
multiplets changes as
∆Ccs = −481 , ∆Csa = +1 , ∆C21 = ∆r21 = 0 . (4.33)
From the point of view of the elliptic fibration the transition (4.33) can be viewed as
a tuning of 481 moduli to enforce a singularity over the point in the base, which is then
resolved. This number of moduli can also be derived directly by counting degrees of freedom
in the Weierstrass model, as discussed below. Note that the congruency condition (4.26)
is invariant under this transition, since 1 − 481 = −480 ≡ 0 (mod 60). This transition
must be possible from the point of view of F-theory geometry, but is not understood at
this point physically from the point of view of the low-energy theory.
As a simple example of a transition of this type, consider F˜1, which can be realized
as a blow-up of a point on P3 just as F1 is given by blowing up a point on P
2. It is easy
to check that under this blow up, the numbers in the spectrum change through (4.33).
Indeed, in this case the change in the number of complex structure moduli h3,1(X) can be
computed directly along the lines of the argument in [66]. Starting from the F-theory base
B′3 = F˜1, the divisor Σ can be blown down to give B3 = P
3. We can describe F˜1 as a P
1
bundle over P2 in terms of coordinates (x1, x2, x3, x4, x5) subject to the relations
(x1, x2, x3, x4, x5) ∼ (λx1, λµx2, λx3, µx4, λx5) . (4.34)
The functions f, g are of degrees (16, 8) and (24, 12) in λ, µ. Blowing down Σ gives P3,
where f˜ , g˜ are of degree 16 and 24, and descend from f, g as in the case of F1 → P
2.
We can then directly count the number of degrees of freedom that must be tuned in f˜ , g˜.
The power of x2 in f is at most 8. This requires tuning 1 + 3 + 6 + · · · + 36 = 120
coefficients. Similarly, g has a power of x2 that is at most 12, requiring the tuning of
1 + 3 + · · · + 78 = 364 coefficients. Thus 484 coefficients must be tuned, with a three-
parameter space of points where the tuning may be done, giving a total of 481 moduli that
are removed in the transition. From the point of view of the theory on the blown-down
base B3, the tuning just described corresponds to arranging coefficients in the Weierstrass
model so that there is a codimension 3 point where f, g vanish to degrees 8, 12. This tuning
is local in the vicinity of the singularity that must be blown up. It is straightforward to
verify by counting monomials in the dual polytope (and subtracting automorphisms in the
polar polytope as in [18]) that for any blow-up of a point in a toric base, the number 481
of degrees of freedom that must be tuned to give a transition of this type will be the same,
as long as no additional singularity (such as would give a gauge group or matter field) is
required on either threefold. Note that a codimension 3 point where f, g vanish to degrees
4 and 6 is singular but cannot be blown up to a divisor, suggesting a pathology of such
theories that is not yet well understood [67].
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In a three-dimensional base one can also blow up a smooth curve C to a divisor in the
threefold base. This is the 4D analogue of the tensionless string transition in 6D theories.
In the F-theory picture a 3-brane wrapped on a P1 fiber over the curve C in the blown
up space becomes a tensionless string in the limit as the fiber shrinks. In this case one
finds a different pattern in the change of the Euler character and spectrum. The changes
in the Chern classes and the intersection numbers of the blown-up base are summarized in
appendix A. Using (4.23) gives
χ(X ′) = χ(X)− 1440
(
2− 2gC +
∫
C
c1(B3)
)
, (4.35)
where gC is the genus of the curve C. In contrast to the blow-up of a point, the blow-up
divisor E is a P1-bundle over C and hence has a more non-trivial topology. In particular,
it has gC new (2, 1)-forms that are obtained by wedging the two-form of the P
1-fiber with a
(1, 0)-form on C. This implies that the number of (2, 1)-forms of the base B3 and the fourfold
X will also change in this transtion. Translated into the change of the four-dimensional
spectrum one finds
∆Ccs = −481(1 − gC)− 240
∫
C
c1(B3) , ∆Csa = +1 , (4.36)
∆r21 = gC , ∆C21 = 0 .
Note that this change in the spectrum will be modified if the blow-up changes the structure
so that a divisor has f, g vanishing, requiring a change in the gauge group. Even in the
marginal case where on some divisor f, g are constant, as mentioned above for the example
F˜3, additional scalars Ccs, C21 can arise in such a transition.
The change of spectrum in this transition includes a change in r21. This motivates
us to generalize the constraint (4.24) to include models with r21; including this term from
(3.17) gives
39− 60καβγK
αKβKγ = 39− 60 〈〈a, a, a〉〉 = Csa + Ccs − C21 − r21 . (4.37)
Just as the change in spectrum under a tensionless string transition is compatible with the
constraints (4.1), (4.2) we expect that the changes of spectrum (4.33), (4.36) are compatible
with the 4D constraint (4.37). A detailed check of this would require explicit computation
of the triple intersection numbers on both sides of the transition; this can be done in any
particular case from the geometry. More generally, however, we can easily confirm that the
associated congruence
Csa +Ccs − C21 − r21 ≡ 39 (mod 60) . (4.38)
is invariant under both these transitions. This serves as a check that this constraint is
indeed valid for general F-theory models. Further transitions would be needed to span the
space of connected F-theory bases, however, and — unlike in 6D — in 4D not all F-theory
bases can be connected by the the transitions associated with Mori theory: blowing up,
blowing down, flips and flops.
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We return now to complete the proof of the statement made in the previous section
that there is only one linear constraint involving 〈〈K,K,K〉〉 on the spectrum of fields of
4D F-theory models with rv = 0. Note that if we blow up a curve of genus 0, the change in
the spectrum is identical to that for blowing up a point, except for the last term in ∆Ccs.
Since this term can be nonzero, as discussed above there can be two compactifications that
only differ in this number in the spectrum, so Ccs cannot appear in any linear constraint.
Given this, from (4.33) it follows that Csa also cannot appear. But then r21 also cannot
appear since we can blow up a curve of nonzero genus without changing r21. Since there are
models with different values of C21 there cannot be any further linear constraints beyond
(4.24).
4.2.2 Constraints on 4D theories without charged matter
We now relax the condition that there is no gauge group in the 4D theory, and generalize
the 4D constraint derived above to include theories with gauge groups. Including charged
matter in 4D is significantly more involved compared to 6D. Unlike in 6D, where codimen-
sion two loci in the base giving matter are pointlike, in 4D codimension two singularities are
themselves surfaces, whose Euler character affects the matter content of the theory. Fluxes
G4 alter the spectrum by modifying the equations for the massless matter eigenstates on
the worldwolume and intersections of the 7-branes. In this paper we only comment briefly
on the complications associated with chiral matter and fluxes, and focus on topological
constraints on B3 and X. There are presumably more complicated constraints involving
charged matter fields when fluxes are correctly included, perhaps related to the relation
(3.16).
As in six dimensions, a simple condition that implies the absence of any matter charged
under two groups GA and GB associated with divisors SA, SB is that the intersection
between the two divisors vanish identically
καβγS
α
AS
β
B = 0, ∀γ . (4.39)
This is parallel to the 6D constraint (4.14), though in the 4D case this is only a sufficient
condition for the absence of multiply charged matter while in 6D the condition is also
necessary, since in 6D every intersection between divisors is a pointlike codimension two
singularity that carries matter degrees of freedom. On the other hand, the 6D condition
(4.13) stating that the divisor carrying a gauge group is orthogonal to the residual divisor
locus Y is necessary for theories without matter, but not sufficient since a gauge group
can carry non-local matter such as an adjoint. In 4D the analogous condition is neither
necessary or sufficient, for the same reasons stated above.
The constraints on the absence of 4D chiral matter have a closer analogy to the 6D
constraints of section 4.1.2. Physically this is due to the fact that 4D chiral matter induces
non-Abelian anomalies, just as a general matter spectrum does in 6D. We have recalled in
(3.14) that the chiral spectrum of a 4D F-theory compactification on the singular space X
can be derived from the G4 flux on Xˆ by studying the constant couplings ΘiAiB . These
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couplings capture the 4D chiral spectrum as 3D loop corrections in the Coulomb branch.
Thus, absence of 4D chiral matter simply implies
ΘiAiB =
∫
Xˆ
ωiA ∧ ωiB ∧G4 = 0 , (4.40)
where ωiA , ωiB are the resolution divisors for the gauge groups GA, GB in the M-theory
picture. We note that it is possible to have A = B in (4.40), which captures information
about the chiral matter of the intersection of SA with the rest of the discriminant. This
implies that each F-theory compactification without chiral matter has to admit a special
non-trivial G4 satisfying (4.40) together with the D3-tadpole cancellation condition (3.15).
The 6D analog of (4.40) is a constraint on the triple intersection numbers of the resolved
Calabi-Yau threefold with three indices labeling exceptional resolution divisors for the
gauge groups. In order to promote (4.40) to a constraint on the low-energy data, just as in
6D one has to find other couplings that involve the same flux data. It will be interesting
to find such couplings in 4D compactifications. The immediate analog to 6D appears if a
4D Green-Schwarz coupling is required to cancel anomalies.
For theories in which there is no charged matter and there are no codimension two
singularities on the gauge group divisor loci, the argument leading to (4.24) can be gener-
alized to include theories with gauge group factors. A set of identities known as Plu¨cker
identities can be used to show that the Euler character of the Calabi-Yau fourfold that
is elliptically fibered over a threefold base with a homogeneous degeneration over divisors
carrying a pure gauge group with no codimension two singularities is given by [88, 97]
χ(X) = 288 + 360
∫
B
c1(B)
3 −
∑
A
rGAcGA(cGA + 1)
∫
SA
c1(SA)
2 . (4.41)
This generalizes the constraint (4.24) for a theory with pure gauge group factors and no
matter to
39− 60 〈〈a, a, a〉〉
= Csa + Ccs + rv − (C21 + r21) +
1
6
∑
A
rGAcGA(cGA + 1)〈〈a+ bA, a+ bA, bA〉〉 .(4.42)
As an example, consider F˜4, which carries a gauge group SU(2) on the divisor class Σ, as
discussed above. In this case we have −K = 2Σ+7F , h3,1 = 5187, and the group has rank
rv = 1 so
39− 60〈〈a, a, a〉〉 = 5199 = 3 + 5186 + 1 +
1
6
(1 · 2 · 3 · 9) , (4.43)
confirming (4.42).
4.2.3 Sign conditions and Kodaira condition
Just as in six dimensions, the anticanonical class −K and the divisors SA carrying any non-
abelian gauge group must be effective. This imposes, in particular, positivity constraints
on the volumes of these divisors, so that in the 4D theory we must have
〈〈−K, v, v〉〉 = καβγ(−a
α)vβvγ > 0 (4.44)
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and
〈〈SA, v, v〉〉 = καβγb
α
Av
βvγ > 0 . (4.45)
The analogous constraint in 6D to (4.45) simply corresponds in the supergravity theory to
the constraint that the kinetic term for the gauge group factor GA has the proper sign. In
4D this is complicated by the appearance of the additional real second term in (3.5) and
additional axions discussed in section 3.2.2, which as noted below (4.25) are not included
in the intersection product 〈〈·, ·, ·〉〉.
As discussed in the 6D context, the Kodaira constraint (2.3) is another constraint
imposed by F-theory that at the present time is not clearly understood from the low-
energy point of view. The Kodaira constraint sharpens the inequalities (4.44) and (4.45)
to
12〈〈−K, v, v〉〉 ≥
∑
A
νA〈〈SA, v, v〉〉 > 0 . (4.46)
As an example of the Kodaira constraint, consider again F-theory compactifications
on the base P3, with a gauge group SU(N). In this case, as in (4.27), there is only a single
axion ρx other than ρ0, and −a = 4H. The SU(N) gauge group lives on a divisor that
can be identified from the 4D Green-Schwarz-like couplings to be b = mH, with m > 0 an
integer. The Kodaira constraint in this case is
48 ≥ mN . (4.47)
In [15] a more careful analysis of such theories with m = 1 (b = H) showed that in this
case N ≤ 32.
We do not have any clear understanding at present of how the inequalities (4.44)
and (4.46) should be understood in terms of the low-energy theory. We note in passing,
however, that some possibly related constraints on Gauss-Bonnet couplings have been
discussed using AdS/CFT e.g. in [111].
4.2.4 Lattice structure for string states
In 6D supergravity theories, the charges a, bi appearing in the BR
2, BF 2 topological cou-
plings live in a sublattice Λ of the lattice of dyonic charges Γ associated with strings in
space-time. As discussed in the 6D section, there is an inner product on Γ associated with
Dirac quantization, under which Γ takes the structure of an integral and self-dual (uni-
modular) lattice. This lattice plays an important role in the relationship with F-theory;
the charges on this lattice characterize elements of H2(B,Z).
There is a similar lattice structure in 4D, though the absence of an inner product
makes the story less transparent. In 4D, the classical continuous axionic shift symmetries
are broken to a discrete lattice L, so that we have an invariance under
ρα → ρα + lα, l ∈ L . (4.48)
This breaking of the continuous shift symmetries arises from nonperturbative terms. This
can also be understood in terms of quantized strings that carry magnetic axion charges q
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in the lattice L. A quantum string gives rise to an axionic charge measured along a loop
around the string where
∫
dρα = lα is an element of L. The charges a, bA that parameterize
the 4D topological couplings (3.19) must lie in the dual lattice
a, bA ∈ L
∗ , (4.49)
since a shift of the axions under (4.48) must leave the action invariant up to an overall
additive constant 2pik, k ∈ Z, and the gauge and gravitational instanton numbers are
integrally quantized. From the F-theory point of view, this characterization follows from
the fact that axions are associated with components of C4 that are 4-forms in B3, while
a, bA are associated with divisor classes in H4(B,Z).
For a 4D F-theory compactification, the lattice L characterizes the charges of funda-
mental strings in space-time that are charged under the axion ρ0 as well as axionic strings
that arise from D3-branes wrapped on cycles in H2(B,Z). These strings are electrically
charged under the two-form fields BA and magnetically charged under the axions ρA.
Whereas in 6D, the intersection product between dyonic strings has a clear physical inter-
pretation in terms of the phase appearing in the Dirac quantization condition, we do not
have an analogous simple physical interpretation of any structure associated with a set of
3 strings or instantons in four dimensions. The structure of the triple intersection product
suggests that there is a natural triple product between sets of 3 axionically charged strings
in the 4D theory. This may be more naturally formulated in the language of instantons.
Euclidean D3-branes wrapped on 4-cycles H4(B,Z) correspond to instantons in the 4D
theory that couple to the axions ρα, α > 0. The triple intersection product καβγ naturally
associates an integer with any set of 3 such instantons. It would be interesting to identify
a natural physical interpretation of this product in four dimensions.
In principle, the set of supersymmetric axionically-charged string excitations of a 4D
theory describes the Mori cone of effective curves on the F-theory compactification three-
fold B3. This characterizes the complex structure of the compactification space. The
geometric F-theory structure of axions and axionically charged strings/instantons in 4D is
complicated, however, by extra 4D axions as discussed above. In parallel to the additional
axion from the axiodilaton, additional instantons appear in four dimensions associated
with pointlike D(-1)-branes; these instantons couple to ρ0 just as Euclidean D3-branes
couple to the other axions ρα, α > 0. As discussed in Section 3.4, the 4D axions have a
different geometric interpretation in heterotic compactifications, and the axion ρ0 ties into
the geometric structure of the compactification manifold. Away from the large-volume F-
theory limit, many of the axion fields become massive and their identity becomes difficult
to distinguish. It seems likely that in general 4D supergravity theories, the axion-instanton
couplings can be completely general; gauge and gravitational instantons may couple to any
axions in the theory, including those in C21 and Ccs as well. In this case there will be
massive string excitations associated with each of the axions. Many of these theories will
not have large-volume F-theory or heterotic interpretations. A better understanding of
additional structure such as the triple intersection product on the axionic string/instanton
charge lattice may be of value in developing this part of the story further.
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5. Conclusions
We have found that, just as in six dimensions, much of the geometric data associated with
an F-theory compactification to four dimensions is encoded in the spectrum and action of
the 4D theory. In particular, for large volume compactifications the spectrum of light fields
directly encodes the Hodge numbers of the F-theory compactification manifold, and the
canonical class and 7-brane divisor classes on the F-theory base are encoded in topological
terms coupling 4D axions to curvature squared terms in the action. Strings carrying mag-
netic axion charges and couplings in the supergravity action further characterize the full
second homology and triple intersection product of the F-theory compactification mani-
fold. In 6D this correspondence makes it possible to read off the F-theory geometry directly
from the structure of the low-energy theory. In 4D, this correspondence is only transpar-
ent in the large-volume limit where the geometric moduli are light. F-theory geometry in
4D is obscured in the low-energy theory in the bulk of the moduli space due to various
corrections, lifting of moduli by the superpotential generated by fluxes, additional axions,
and various other complications. Further analysis of how the results of this work can be
relevant outside the large-volume F-theory limit is an interesting direction for future work.
A particular element that has played a key role in understanding the space of 6D su-
pergravities, and that seems to play a related structural role in 4D supergravities, is the
set of couplings between two-form/axion fields and curvature squared terms in the action.
In 4D, axions have a discrete shift symmetry associated with magnetic charges of stringlike
excitations of the theory. These axions couple to F ∧F and R∧R in the 4D action in a way
that captures topological aspects of the compactification geometry in the case of models
that arise from an F-theory compactification. These coupling terms illuminate the struc-
ture of 4D supergravity theories just as Green-Schwarz terms illuminate 6D supergravity
theories, even though in 4D these terms are not strongly restricted by anomalies. One spe-
cific application of these terms that we have explored in this paper is to heterotic/F-theory
duality. We have computed the axion–curvature squared terms explicitly in a general class
of 4D heterotic compactifications with F-theory duals, providing a check on the general
structure presented here, and giving a simple dictionary indicating which P1 bundle acts as
the F-theory base and which divisors in an F-theory compactification carry the gauge group
factors in any case of heterotic/F-theory duality. These results provide a complementary
perspective to other methods such as the spectral cover method and the stable degenera-
tion limit [92, 93, 94] previously used for understanding heterotic/F-theory duality in four
dimensions, and suggest that further insight into this duality may follow from further con-
siderations along the lines pursued in this paper. For example, the axion–curvature squared
terms provide information about heterotic/F-theory duality for the SO(32) theory that is
less amenable to analysis through the stable degeneration limit. Further development of
heterotic/F-theory and other dualities through the structure of the low-energy theory and
topological axion-curvature squared couplings may help to clarify how the various string
constructions of 4D supergravity theories are related and to chart the space of 4D N = 1
string compactifications.
– 52 –
We have identified some constraints on 4D supergravity theories that hold in the large-
volume F-theory limit where the geometric moduli of the compactification remain light.
The simplest of these constraints is a condition on a linear combination of the numbers of
different types of fields (3.2) in the theory
Csa + Ccs − C21 ≡ 39 (mod 60) , (5.1)
for any theory with a completely broken gauge group. This constraint is an analogue of
the gravitational anomaly constraints appearing in 6D supergravity theories, though there
is no known gravitational anomaly in 4D that would give rise to constraints of this form. A
more precise version of this constraint involves the canonical class K of the F-theory base,
which is encoded in the axion-curvature squared terms . Note that a consequence of (5.1) is
that any large-volume F-theory model must have at least 39 light scalar fields, independent
of the distribution of fields between the various types. Both in 6D and in 4D there are also
constraints from F-theory on the signs of curvature-squared terms proportional to R ∧ ∗R
and F ∧ ∗F . In the latter case this constraint simply follows in the low-energy theory from
the condition that the gauge kinetic term have the standard (negative) sign for stability
of the theory. In the case of the metric curvature terms, no low-energy reason for a sign
constraint is known.
A key issue that should be incorporated better into the considerations of this paper
regarding 4D F-theory vacua is the role of fluxes, and more generally world-volume fields
on the 7-branes. While F-theory provides a simple and beautiful context for nonpertur-
bative exploration of a large region of the space of possible string compactifications, this
formulation of string theory is still incomplete. In particular, the description in terms of
a Weierstrass model is not coupled to a natural description of gauge fields on the world
volume, or fields such as the adjoint scalars in the Higgs bundle on 7-branes. Fluxes, how-
ever, play a key role in determining the physics of N = 1 4D string vacua. While these
fluxes are conceptually clear in the M-theory picture, this framework loses the geometric
picture of the Weierstrass model in the F-theory context. As a result, the tools for working
simultaneously with F-theory Weierstrass models and fluxes are still at an early stage of
development. To understand the kinds of constraints we have discussed here better, the
incorporation of fluxes is clearly crucial. In particular, fluxes play a key role in determining
the structure of matter in 4D theories. We leave the further integration of fluxes into the
story begun here as a challenging open problem for future research.
In six dimensions, the lattice of dyonic string charges plays an important role in the
structure of an N = 1 supergravity theory. The structure of axion-curvature squared
terms in 4D supergravity theories arising from F-theory suggests that the analogous lattice
of axionic string charges should play a similar role in four-dimensional theories. Away from
the large-volume F-theory limit, it seems that all axions in the theory can mix, but some
integral structure will still be supplied by the underlying massive axionic string lattice.
In particular, for any massive string state the associated magnetic charge will correspond
to an axionic shift symmetry. Even when supersymmetric string states are very massive,
they still play a role in the basic symmetry structure of the theory. A better physical
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understanding of the axionic string lattice in low-energy N = 1 supergravity theories may
be a key to applying the methods and results of this paper to deeper issues in the structure
of 4D theories. It may be that further consideration of the world-volume theory on the
charged strings will shed light on constraints and/or structure in general 4D supergravity
theories.
A central question in the study of string compactifications is the extent to which the
geometry of the compactification can be uniquely identified from data in the supergravity
theory. In six dimensions, the story in this regard is quite clear. In many cases, knowledge
of the spectrum and Green-Schwarz coefficients of the low-energy supergravity theory is
sufficient to uniquely determine the geometry of a corresponding F-theory construction,
when one exists. In all cases, further knowledge of the spectrum and Dirac-quantized
charge products of supersymmetric dyonic string states fixes the intersection product and
Mori cone of the base, uniquely determining the F-theory geometry when it exists. In
four dimensions, the story is more complicated. Only in the large-volume regime of F-
theory are the geometric moduli of the F-theory compactification clearly distinguishable
from other massive modes in the theory. In this regime the couplings between axions and
curvature-squared terms play a similar role to the Green-Schwarz terms in six dimensions.
Combining this information with the string charge lattice, triple intersection product, and
other information from the supergravity spectrum and action it is in principle possible to
determine a corresponding F-theory geometry. Beyond the lifting of moduli by fluxes and
other effects, however, there are also additional fields, such as the axion that is associated
with the axiodilaton in the weak coupling limit, which must be disentangled in order to
identify the F-theory geometry. While in the case of heterotic/F-theory duality we were
able to explicitly identify the correspondence between axions to determine the map between
heterotic and F-theory geometry, it is not clear how this can be done in general. It can
be, for example, that there are dual F-theory compactifications on distinct threefold bases
that give equivalent 4D physics, but with a different distribution of axions between complex
structure moduli and other fields. For example, this may occur if a Calabi-Yau fourfold
admits two distinct elliptic fibrations with different bases. Situations of this kind in the
dual heterotic setting have been discussed, for example, in [112, 113]. Further analysis
of the extent to which 4D supergravity determines compactification geometry promises to
lead to new insights into the global structure of the space of string vacua, for which the
tools and methods developed in this paper may be of some use.
Another direction in which the methods of this paper may be applied is towards the
systematic understanding of the space of elliptically fibered fourfolds underlying the space
of 4D F-theory models. Just as for elliptically fibered threefolds, elliptically fibered four-
folds form a complicated moduli space, with continuous branches connected by non-Higgs
type phase transitions such as tensionless string transitions. Recently, a global exploration
of the space of threefold bases for 6D F-theory vacua has been initiated [17, 18], following
the minimal model approach [103]. The structure of the axion-curvature squared terms
and constraints described in this work may provide useful tools in exploring the space of
4D F-theory vacua, and a better understanding of the connections between the branches
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of the theory associated with different bases and the exotic transitions connecting these
theories.
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A. Blowing up curves and points in a smooth threefold base
In this appendix we summarize the necessary equations to discuss the blow-ups of points
and smooth curves in a threefold B. We denote the blown-up space by B′ and name the
blow-down map pi : B′ → B. The exceptional divisor obtained after blow-up is denoted by
E.
We first consider the blow-up of a point in B. The exceptional divisor E in this blow-up
is simply a P2. The Chern classes of the threefold change as [102]
c1(B
′) = pi∗c1(B)− 2[E] , c2(B
′) = pi∗(c2(B)) , (A.1)
We will also need the intersection numbers after blow-up. One finds that
E2 = f , E · f = −1 , E · pi∗D = E · pi∗C˜ = f · pi∗D = 0 . (A.2)
for all divisors D and curves C˜ in B.
Let us now turn to the blow-up of a smooth curve C. The exceptional divisor is then
given by the projectivisation of the normal bundle NBC of the curve in B, i.e. E = P(NBC).
The Chern classes of B now change as
c1(B
′) = pi∗c1(B)− [E] , (A.3)
c2(B
′) = pi∗(c2(B) + [C]) − [E] ∧ pi
∗c1(B) , (A.4)
The blow-up space has the following intersection numbers
E2 = −pi∗C + deg(NBC)f , E · f = −1 , (A.5)
E · pi∗D = (C ·D)f , f · pi∗D = 0 , E · pi∗C˜ = 0 , (A.6)
for all divisors D and curves C˜ in B. The degree of NBC can be written as
deg(NBC) = −χ(C) +
∫
C
c1(B) . (A.7)
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B. Anomalies in 6D supergravity
The anomaly cancellation condition can be written in terms of the 8-form anomaly poly-
nomial as [57, 59, 61, 5]
I8(R,F ) =
1
2
ΩαβX
α
4X
β
4 . (B.1)
Here
Xα4 =
1
2
aαtrR2 +
∑
i
bαi
(
2
λi
trF 2i
)
(B.2)
with aα, bαi transforming as vectors in the space R
1,T with symmetric inner product Ωαβ;
“tr” of F 2i denotes the trace in the fundamental representation, and λi are normalization
constants depending on the type of each simple group factor. Cancellation of the individual
terms in (B.1) gives
H − V = 273− 29T (B.3)
0 = Biadj −
∑
R
xiRB
i
R (B.4)
a · a = 9− T (B.5)
−a · bi =
1
6
λi
(∑
R
xiRA
i
R −A
i
adj
)
(B.6)
bi · bi =
1
3
λ2i
(∑
R
xiRC
i
R − C
i
adj
)
(B.7)
bi · bj = λiλj
∑
RS
xij
RS
AiRA
j
S
(B.8)
where AR, BR, CR are group theory coefficients defined through
trRF
2 = ARtrF
2 , trRF
4 = BRtrF
4 + CR(trF
2)2 , (B.9)
and where xi
R
and xij
RS
denote the number of matter fields that transform in the irreducible
representation R of gauge group factor Gi, and (R,S) of Gi ⊗Gj respectively. Note that
for groups such as SU(2) and SU(3), which lack a fourth order invariant, BR = 0 and
there is no condition (B.4).
It is shown in [7] using elementary group theory that the inner products on the LHS of
conditions (B.5-B.8) are all integral as a consequence of global and local anomaly cancella-
tion. This gives an integral anomaly lattice Λ formed from vectors a, bi ∈ R
1,T . The vector
a is associated with a coupling a · B trR2 of the B fields to space-time curvature, while
the vectors bi are associated with couplings bi ·B trF
2
i of the B fields to the field strengths
Fi of the various factors in the gauge group; together these terms form the Green-Schwarz
counterterm
B ·X4 = B
αΩαβ
[
1
2
aβtrR2 +
∑
i
bβi
(
2
λi
trF 2i
)]
(B.10)
The lattice Λ is a sublattice of the complete unimodular lattice Γ of dyonic string charges
for the 6D theory.
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